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A b str a c t
T h is t h e s i s  d e s c r ib e s  th e  th eo ry  o f  l a t t i c e  dynamics in  
a g e n e r a lis e d  form . The th e o ry  i s  then  a p p lie d  more s p e c i f i ­
c a l l y  to  m a te r ia ls  w ith  h exagon a l c lo se -p a c k e d  s t r u c t u r e .  In  
p a r t ic u la r  th e  phonon d is p e r s io n  r e la t io n s  and th e  freq u en cy  
s p e c tr a  are  c a lc u la te d  f o r  B e r y lliu m , Magnesium and Z inc u s in g  
a Born von Karman m odel. The r e s u l t s  from t h i s  model w hich  
in c lu d e s  a com b ination  o f  c e n tr a l  and a n gu lar  fo r c e s  o u t t o  
t h ir d  n e a r e s t  m eighbours are compared w ith  p r e v io u s  experim en­
t a l  and t h e o r e t i c a l  r e s u l t s .  P o s s ib le  e x te n s io n s  o f  th e  model 
and i t s  l im it a t io n s  are th en  d is c u s s e d .
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Chapter 1
In tr o d u c tio n
In a c r y s t a l l i n e  s o l i d  th e  atoms e x e c u te  sm a ll o s c i l l a ­
t io n s  about t h e i r  e q u ilib r iu m  p o s i t io n s  a s  a r e s u l t  o f  therm al 
f lu c tu a tio n s  o r ,  a t  th e  a b s o lu te  z e r o , a s  a r e s u l t  o f  th e  z e r o -  
p o in t  m o tio n . The in f lu e n c e  o f  th e s e  l a t t i c e  v ib r a t io n s  on th e  
thermodynamic p r o p e r t ie s  o f  s o l i d s  has been th e  s u b je c t  o f  c o n s i ­
d era b le  stu d y  s in c e  i t  i s  th e  d e n s ity  o f  th e  norm al modes o f  
v ib r a t io n  which determ ine many o f  th e  m acroscop ic  th erm al p ro ­
p e r t i e s  o f  a c r y s t a l .  For exam ple th e  s p e c i f i c  h e a t a t  c o n s ta n t  
volume i s  r e la t e d  t o  th e  d i s t r ib u t io n  o f  norm al m odes, g ( v ) ,  by
C = k
V
K»
hv
A . 2kT ^ ■
Here v and T are r e s p e c t iv e ly  th e  freq u en cy  o f  a norm al mode 
and th e  a b s o lu te  tem p era tu re , k and h are B oltzm ann’s  and 
P lan ck s c o n s ta n ts .
In o n ly  c o n p a r a t iv e ly  few in s ta n c e s  i s  i t  p o s s ib le  t o  
in f e r  th e  fr e q u e n c ie s  and o th e r  c h a r a c t e r i s t i c s  o f  th e  modes from  
ex p er im en ta l m easurem ents and c o n se q u e n tly  much e f f o r t  has been  
made to  c o n s tr u c t  t h e o r e t ic a l  m odels w hich g iv e  an a c c u r a te  
d e s c r ip t io n  o f  th e  normal modes o f  v ib r a t io n  o f  a s t r u c t u r e .  The 
c l a s s i c a l  th e o ry  o f  l a t t i c e  v ib r a t io n s  i s  due t o  Born and h i s  
c o lla b o r a to r s  ( s e e  Born and Huang ] and r e fe r e n c e s  c i t e d  t h e r e in )  
and has been a p p lie d  t o  m o le c u la r , i o n ic ,  c o v a le n t  and m e t a l l i c
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c r y s t a l s  w ith  v a ry in g  d eg rees  o f  s u c c e s s .  The th e o ry  o f  l a t t i c e  
v ib r a t io n s  i s  d is c u ss e d  in  d e t a i l  in  Chapter 2 . In th e  Born 
th e o ry  i t  i s  assumed th a t  th e  p o t e n t ia l  energy  o f  a c r y s t a l  in  
w hich th e  atoms are  g iv en  sm a ll d isp la c e m en ts  from t h e ir  e q u i l i ­
brium p o s i t io n s  can be expanded a s  a power s e r i e s  in v o lv in g  th e  
d is p la c e m e n ts9 u , o f  th e  n u c l e i .  The a c tu a l  form o f  th e  p o te n ­
t i a l  depends on th e  ty p e  o f  bond ing or  in te r a to m ic  f o r c e .  Thus, 
f o r  exam ple th e  in e r t  gas s o l i d s  can be r e p r e se n te d  by a Lennard- 
Jones p o t e n t ia l  o f  th e  form
( 1 -2 )
o r  a l t e r n a t iv e ly  by
* (r )  = \  + Be"^/P , ( 1 .3 )
r°
th e  f i r s t  term  r e p r e s e n t in g  th e  Van der  Waals a t t r a c t io n  w h i l s t  
th e  secon d  term  r e p r e s e n ts  an o v e r la p  r e p u ls io n . S im ila r ly  w ith  
i o n ic  s o l i d s  th e  p o t e n t ia l  i s  o f te n  w r it te n
* ( r )  = p  + 2 ^ ( n  = 12) ( 1 .4 )
r
o r  * (r )  = ~  + Be'Z^P , ( 1 .5 )
where th e  f i r s t  term  r e p r e s e n ts  th e  Coulombic a t t r a c t io n .  How­
e v e r , fo r  c o v a le n t  and m e t a l l i c  c r y s t a l s  th e  in te r a to m ic  p o te n ­
t i a l s  a re  n o t  so  w e l l  known and i t  has been  custom ary t o  u se fo r c e  
c o n sta n t  m odels f o r  th e se  m a te r ia ls ,  th a t  i s ,  t o  reg a rd  th e  n u c le i  
to  be con n ected  to g e th e r  by s p r in g s ,  th e  sp r in g  c o n s ta n ts  depending  
on th e  r e l a t i v e  p o s i t io n s  o f  th e  n u c l e i .
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B efo re  th e  th e o ry  o f  l a t t i c e  v ib r a t io n s  i s  d is c u s s e d , a 
b r i e f  summary o f  th e  p r e v io u s  work on fo r c e  c o n s ta n ts  i s  g iv e n .  
B egb ie and Born t^ lin  t h e ir  paper ‘‘Thermal s c a t t e r in g  o f  X -rays  
by c r y s t a l s ’’ (1945 ) p r e se n te d  a g e n e r a lis e d  form o f  l a t t i c e  
dynam ics w ith o u t any assum ption  about th e  n a tu re  o f  th e  atom ic  
f o r c e s .  B egb ie  in  a sub seq u en t paper a p p lie d  th e  r e s u l t s  to  
th e  fa c e -c e n tr e d  c u b ic  and th e  h exagon a l c lo s e  packed l a t t i c e s ,  
assum ing th a t  o n ly  f i r s t  neighbour atoms a c t  on one a n o th er .
P r io r  t o  t h i s . t h e  e x i s t in g  l i t e r a t u r e ,  in  p a r t ic u la r  th e  book 
"Atom theorie des fa s t e n  Zustandes'* (Born 1 9 2 3 ) had d eve lop ed  
th e  th e o iy  assum ing c e n tr a l  f o r c e s .  C en tra l fo r c e  in t e r a c t io n s  
have been a p p lie d  to  a b o d y -cen tred  cu b ic  l a t t i c e  by F ine  
and to  a fa c e -c e n tr e d  cu b ic  l a t t i c e  by L eigh ton  I h é ir
m odels assume in t e r a c t io n s  o n ly  to  th e  secon d  n e a r e s t  n eigh b ou r  
atom s. Both th e s e  c a s e s  are  d is c u s s e d  by J u le s  de Launay
The l a t t i c e  dynam ics o f  h exagon al c lo s e  packed m eta ls  has  
been in v e s t ig a t e d  by S lu tsk y  and Garland u s in g  a c e n tr a l  fo r c e
model o u t to  th ir d  n e a r e s t  neigh b ou r a tom s. In r e c e n t  p apers . 
Metzbower [ 9 , 1 0 , l l ]  d is c u s s e d  th e  l a t t i c e  dynam ics o f  th e  h exa­
gon a l c lo s e  packed m eta ls  B e r y lliu m , Magnesium and Z in c . In  h i s  
work, Metzbower assum es an a x i a l l y  symmetric fo r c e  model w ith  i n t e r ­
a c t io n s  e x te n d in g  over  th r e e  s e t s  o f  n e a r e s t  n e ig h b o u r s . In  
a d d it io n  i t  i s  assumed th a t  th e  a n g u la r  fo r c e  on th e  n e a r e s t  n e ig h ­
bours in  th e  b a s a l  p la n e  i s  s e t  eq u a l to  z e r o . In  a p r e lim in a r y  
stu d y  o f  M etzbower’s papers i t  was r e a l i s e d  th a t  th e r e  was a s e r io u s  
l im it a t io n  in  h i s  c a lc u la t io n s  and e r r o r s  in  some o f  th e  a lg e b r a ic  
e x p r e s s io n s . I t  has been th e  o b j e c t  o f  th e  work d e sc r ib e d  in  C hapter
-  4 -
3 to  c o n s tr u c t  a fo r c e  c o n sta n t  model which g iv e s  an a cc u r a te  
r e p r e s e n ta t io n  o f  th e  harm onic p r o p e r t ie s  o f  B e r y lliu m , Magnesium 
and Z in c . The r e s u l t s  are d is c u s s e d  in  Chapter 4 .
An a l t e r n a t iv e  approach to  th e  th e o ry  o f  l a t t i c e  dynam ics 
o f  m eta ls  i s  Sham’s fo rm u la tio n  o f  th e  problem  u s in g  p seu d o­
p o t e n t i a l  m ethods. The p s e u d o -p o te n t ia l  e q u a t io n , w hich i s  
fo rm a lly  th e  same a s  th e  S ch rod in ger  eq u a tio n  fo r  a f r e e - e le c t r o n  
gas w ith  a p e r tu r b in g  p o t e n t i a l ,  in v o lv e s  th e  con d u ction -b an d  
e n e r g ie s  fo r  w hich th e  p r e v io u s  m odels d is c u s s e d  do n o t  make any 
a llo w a n c e s . P indor and Pynn have ex ten d ed  th e  c a lc u la t io n s
o f  p s e u d o -p o te n t ia ls  and a p p lie d  them to  Magnesium. The rea d e r  i s  
r e fe r r e d  to  H arrison  fo r  a more d e t a i le d  account o f  p seu d o­
p o t e n t ia l s  .
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Chapter 2
2 . 1 .  The L a t t ic e
In t h i s  ch a p ter  th e  th eo ry  o f  L a t t ic e  Dynamics i s
d eve lop ed  fo r  an a r b ita r y  c r y s t a l  s tr u c tu r e  u s in g  a Born-
von Karmân model ( s e e  Bom  and Huang, The n o ta t io n
used  in  th e  fo l lo w in g  ch a p ters  i s  e a s i l y  in tro d u ced  by
c o n s id e r in g  a B ra v a is  l a t t i c e ,  w hich i s  b u i l t  up from th r e e
b a s ic  v e c to r s  a , a and a . The l a t t i c e  p o in t s ,
" I  ~2 "3
s  = s  a + s  a + s  a , ( s , s , s  are + ve or  
1 2 3 ~3 1 2  3
-  ve in t e g e r s )  ( 2 . 1 )
occupy th e  c o m e r s  o f  th e  l a t t i c e  c e l l s  which are  p a r a l l e l e ­
p ip ed s  bounded by th e  ed ges a , a , a . s  , s  and s  are th e  
^ ^ ~1 '^2 -3  1 2  3
c e l l  in d ic e s .  Every l a t t i c e  s i t e  r e p r e s e n ts  an atom ic p o s i t io n  
in  th e  c r y s t a l  under c o n s id e r a t io n .
In  g e n e r a l a c r y s t a l  s tu c tu r e  c o n s is t s  o f  a number o f  
in te r p e n e tr a t in g  B ra v a is  l a t t i c e s  o f  i d e n t i c a l  s tr u c tu r e s  ( i . e .  
w ith  id e n t i c a l  b a s ic  v e c t o r s ) .  T h erefore  w ith in  a l a t t i c e  c e l l  
an atom from ev ery  c o n s t i t u e n t  B ra v a is  l a t t i c e  i s  found . I f  th e r e  
a re  s e v e r a l  atoms p e r  u n it  c e l l  th en  th e r e  e x i s t s  a l a t t i c e  w ith  
a b a s i s .  As a s im p le  l a t t i c e  i s  c o n s id er e d  as th e  p e r io d ic  
r e p e t i t i o n  o f  a s in g le  p o in t ,  then  a co n p lex  l a t t i c e  can be th ou gh t  
o f  as th e  r e p e t i t i o n s  o f  th e  p o in t s ,  in  th e  b a s i s ,  as a group.
So th e  p o s i t io n  v e c to r s  o f  any o f  th e  atoms w ith in  a c r y s t a l  
l a t t i c e  c o n ta in in g  n atoms p er  c o n s t i t u e n t  c e l l  may b e  w r it t e n  a s
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x ( s ^ a )  = s  + b ( a )  , ( 2 . 2 )
where th e  b a se  in d ex  a has th e  v a lu e s  l , . . . n .
The in te r a to m ic  p a ir w ise  p o t e n t i a l ,  <{>, i s  d e f in e d  a t  
th e  lo w e s t  e ig e n v a lu e  o f  th e  e le c t r o n ic  energy  fo r  f ix e d  atoms 
in  p o s i t io n s  n ear  to  th e  r e g u la r  sp a c in g  o f  th e  l a t t i c e .  I t  
i s  assumed to  be a fu n c tio n  o f  th e  a tom ic p o s i t i o n s .  I f ,  due 
to  l a t t i c e  v ib r a t io n s ,  th e  atoms are d is p la c e d  from t h e i r  
e q u ilib r iu m  p o s i t io n s  x ( s ; a )  by a d is ta n c e  u ( s ; a ) ,  th en  th e  
p o t e n t ia l  en ergy  $ fo r  th e  d is tu r b e d  s t a t e  i s  g iv en  by
0 = 5  ^ (}) { x ( s  -  s ’ ; a , a ’ ) + u ( s ; o )  -  u ( s ’ ; a ’ ) }  , ( 2 . 3 )
s ? s  * 
a , a ’
where x ( s  -  s ’ ; a , a ’ ) = x( s ;c t )  -  x ( s ’ ; a ’ ) .
2 . 2 .  The Harmonic A pproxim ation
By making th e  assum p tion  th a t  th e  l a t t i c e  v ib r a t io n s  are  
s m a ll ,  th e  p o t e n t ia l  fu n c t io n  0 i s  w r it t e n  as a T a y lo r ’s  s e r i e s  
in  th e  atom ic d isp la c e m e n ts . E quation  ( 2 . 3 )  then  becom es
+  i  3 ? , .  8 x .  ( s l a b s ' •
( 2 . 4 )
-  7 ~
The c a r te s ia n  components o f  th e  p o s i t io n  v e c to r s  are denoted  
by th e  s u f f i x e s  j and k e t c . ,  where E in s t e in ’ s summation 
co n v en tio n  i s  adopted  fo r  L a tin  s u f f ix e s  w h i l s t  summation over  
Greek in d e x e s  i s  shown e x p l i c i t l y .
In th e  harmonic approxim ation  a l l  term s o f  t h ir d  or  
h ig h e r  ord ers  are  n e g le c te d  w ith  th e  r e s u l t  th a t  th e  m otion o f  
th e  l a t t i c e  can be r e s o lv e d  in to  in dependent modes o f  v ib r a t io n .  
P h y s ic a l ly  th e  c o e f f i c i e n t s  in  th e  exp an sion  are  w e l l  d e f in e d  
q u a n t i t i e s .  The j th  component o f  th e  fo r c e  on th e  atom x ( s ; a )  
i s  g iv en  by -  9 0 / 9 X j ( s ; a )  in  th e  e q u ilib r iu m  c o n f ig u r a t io n .  
S im ila r ly  -  8^0/ 8Xj (s ;a)8Xj^(s ’ ; a ’ ) i s ,  to  th e  f i r s t  ord er  o f  
a c c u ra cy , th e  j  th  component o f  th e  fo r c e  on atom x ( s ; a )  due to  
a u n it  d isp la cem en t o f  atom x ( s ’ ; a ’ ) in  th e  k th  d ir e c t io n .  I f  
th e  atoms a t  e q u ilib r iu m  p o s i t io n s  x®( s ; a )  are  a r b i t a r i ly  d is p la c e d  
to  x ( s ; a )  th en  th e  j th  component o f  th e  fo r c e  on th e  a tom s, F^, i s  
g iv en  by th e  n e g a t iv e  d e r iv a t iv e  o f  th e  l a t t i c e  p o t e n t ia l  w ith  
r e s p e c t  to  th e  d is p la c e d  p o s i t i o n s .  The p o t e n t ia l  ex p a n sio n  ( 2 . 4 )  
i s  s u b s t i t u t e d  in to  th e  fo r c e  e q u a tio n .
F . = -  3 0 / 9 u . ( s ; a )  . ( 2 . 5 )
] ] ~
The d e r iv a t iv e s  o f  th e  p o t e n t ia l  are e v a lu a te d  a t  th e  e q u ilib r iu m  
c o n f ig u r a t io n . I t  w i l l  be shown in  th e  n e x t  s e c t io n  th a t  th e  fo r c e  
on th e  e q u ilib r iu m  c o n f ig u r a t io n  i s  zero  and so  th e  rem ain in g  term  
in  th e  harm onic approxim ation  can be eq u ated  w ith  th e  stan d ard  fo r c e  
eq u a tio n
Fj = mUj ( s ; a )  . ( 2 . 6 )
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So th e  e q u a tio n s  o f  m otion o f  a l l  th e  atoms can be w r it te n  a s
mi i . ( s ; a )  + I  9 ^ 0 / O x . 3 x ,  ) . u . ( s ' ; a ' )  = 0 ,  ( 2 . 7 )
J ~ sS o '  ^  ^ ~
where m i s  th e  mass o f  th e  atom .
2 . 3 .  In v a r ia n ce  C o n d itio n s
In r e a l i t y  th e  t h e o r ie s  used  have alw ays to  be a p p lie d  to  
c r y s t a l s  o f  f i n i t e  d im en sio n s , how ever, th e  non-uniform  c o n d i­
t io n s  near th e  s u r fa c e  o f  a f i n i t e  c r y s t a l  g iv e  r i s e  o n ly  to  
s p e c i f i c  su r fa c e  e f f e c t s  and a re  i r r e le v a n t  f o r  th e  d is c u s s io n  o f  
bu lk  p r o p e r t ie s .  In ord er  t o  a v o id  making su p e r flu o u s  assump­
t io n s  about th e  s u r fa c e  c o n d it io n s ,  th e  c r y s t a l  l a t t i c e  i s  
c o n s id er e d  to  be i n f i n i t e l y  ex ten d ed  in  a l l  d i r e c t io n s .  The 
i n f i n i t e  l a t t i c e  model i s  e s s e n t i a l l y  an i d e a l i z a t io n  o f  th e  
c o n d it io n s  in s id e  a f i n i t e  c r y s t a l ,  where th e  d ir e c t  in f lu e n c e  
o f  th e  su r fa c e  i s  n e g l i g i b l e .  The e q u ilib r iu m  c o n d it io n  f o r  an 
i n f i n i t e  l a t t i c e  i s  two f o l d ,
a ) ev ery  atom i s  in  e q u ilib r iu m
b ) th e  c o n f ig u r a t io n  corresp on d s t o  v a n ish in g  s t r e s s .
The p o t e n t ia l  energy i s  s u b je c t  t o  r e s t r i c t i o n s  a r i s in g
from c e r ta in  in v a r ia n c e  c o n d it io n s .  I f  th e  w hole l a t t i c e  i s
d is p la c e d  by a sm a ll v e c to r  d then  th e  p o t e n t ia l  energy
rem ains unchanged, however from eq u a tio n  ( 2 . 4 ) we
have th a t  each  atom c o n tr ib u te s  a change in  th e
p o t e n t ia l  fu n c t io n  o f  9 0 / 3 x . ( s , a )  d.  . T h er e fo re , a s  th e
 ^ - ]
— 9 “
t o t a l  change in  p o t e n t i a l .
 ^ ( 9 0 / 9 x . ( s ; a ) )  d  • 5 i s  zero  then  
s ;a   ^ ^
Y 90/8x.(s;cx) = 0 . (2 .8)
From th e  p e r io d ic  c o n d it io n  i t  i s  seen  th a t  a l l  th e  f i r s t  
o rd er  c o e f f i c i e n t s  are independent o f  th e  c e l l  in d ic e s  s  and th e  
h ig h e r -o r d e r  c o e f f i c i e n t s  depend o n ly  on th e  r e la t iv e  c e l l  in d ic e s  
s  -  s ’ . So th e  fo l lo w in g  n o ta t io n
0 . , ( s  -  s ’ ; a , a ’ ) = B 2 0 / ( B x . ( s ; a )  9x, ( s ’ ; a ’ ) )  ( 2 . 9 )
3K " ] ~ K
i s  ad opted .
Suppose 0 j^ (s  -  s ’ ; a , a ’ ) = g y ^ ( r ; a , a ’ ) . ( 2 . 1 0 )
th en  th e  i d e n t i t y  can be c o n s id er e d  as th e  fo r c e  com ponents on 
th e  atom x ( r , a )  due t o  an atom on th e  b a s e ,  x ( o , a ’ ) . There i s  
o b v io u s ly  an eq u a l and o p p o s ite  fo r c e  a t  th e  atom x ( ~ r ; a ’ ) 
due to  th e  atom x ( o ; a )  . So th e  id e n t i t y
$ .^ (s ;a ,a ’ ) = 0^ j ( - s ;a ’ ,a) (2.11)
i s  s a t i s f i e d .
The fo r c e  due to  an atom a t  p o s i t io n  x ( s ; a )  a c t in g  on i t s e l f ,  
0 . , ( o ; a , a  ) , i s  determ ined  from a l l  th e  o th e r  f o r c e s .  I f  th e  w hole  
l a t t i c e  i s  s u b je c te d  to  a r o ta t io n  th en  ü ^ .(s ,a ) = 0 and from
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e q u a tio n  ( 2 . 7 )
 ^ 0 .^(s -  s ’ ;ot,a’ ) = 0 (2.12)
s .a  ^
i t  f o llo w s  th a t
L , ( 0 ; a , a )  = “ I  0 . . ( s  -  s ’ ; a , a ’ ) . ( 2 . 1 3 )
o'
2 . 4 .  L a t t ic e  Waves
I f  th e  th r e e  elem en tary  v e c to r s  o f  th e  r e c ip r o c a l  l a t t i c e  a re
d e f in e d  a s h  , b and b such  th a t  
"'1 "2 ~3
a^ . bg = ( 6gg = 1 i f  o = 8 , 0 i f  o Z G) , ( 2 . 1 4 )
and any r e c ip r o c a l  l a t t i c e  v e c to r  i s  g iv e n  by
q = 2wn b + 2irn b + 27m b , ( 2 . 1 5 )
3 1 "1 2 "2 3 ~3
then
s . q = 27m 8 + 27m s  + 27m s  . ( 2 .1 6 )
^  1 1 2 2 3 3
S o , i f  s  i s  a l a t t i c e  p o in t  (s^  in t e g e r s )  and g i s  a p o in t  on th e  
r e c ip r o c a l  l a t t i c e  (n^ in t e g e r s ) s  then  th e  s c a la r  prod u ct s  , g i s  
a m u lt ip le  o f  277. T h erefore  eS ' ~ i s  p e r io d ic  in  th e  r e c ip r o c a l  
l a t t i c e .
U sing  th e  n o ta t io n  d e sc r ib e d  by th e  e x p r e ss io n  ( 2 . 9 )  th e
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e q u a tio n s  o f  m otions o f  th e  atoms ( 2 . 7 )  can be w r it te n  th u s ,
m u . ( s ; a )  +  ^ 0 . . ( s  -  s ' ; a , a ‘ ) u , ( s ' ; o ’ ) = 0 . ( 2 . 1 7 )
] " s'-o ~  ^ "
A F o u r ier  Transform  o f  th e  p o t e n t ia l  term s in  th e  above eq u a tio n  
i s  g iv e n  b e lo w .
A. ( q ; a , a ’ ) =  ^ 0 . , ( s ; a , a ’ ) e^~- * ~ . ( 2 . 1 8 )
JK -  g  ~
A stan dard  wave s o lu t io n  can be used  to  d e s c r ib e  th e  l a t t i c e  
d is p la c e m e n ts , such  th a t
Uj ( o)  = A j ( o )  exp“i  (q  . s  -  wt) . ( 2 . 1 9 )
S u b s t i tu t in g  e x p r e ss io n s  ( 2 . 1 8 )  and ( 2 . 1 9 )  in to  e q u a tio n  ( 2 . 1 7 )  
r e s u l t s  in  th e  f o l lo w in g  s e t  o f  s im u lta n eo u s e q u a t io n s , d e sc r ib e d  by
mw^A.(a) = J A., ( q ; a , a ’ ) A, ( o ’ ) , ( 2 . 2 0 )
3 a ’ 3
where w i s  th e  an gu lar  freq u en cy  o f  th e  wave.
A., ( q ; a , a O  , c o n s id er e d  a s  a fu n c tio n  o f  th e  two s e t s  o f3K -
A . , ( q ; a , a ' )  , c o n s id er e d  a s  a fu n c tio n  o f  th e  two s e t s  o f3K -
v a r ia b le s  ( j , a )  and ( k , a ’ ) , i s  an e lem en t o f  th e  dynam ical m a tr ix  
A(q) which can be decomposed in t o  su b m a tr ices  A ( q ; a , a ' )  ,
where
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A(q) =
A ( q ; l , l )  A ( q ; l , 2 )
A ( q ; 2 , l )  A( q ; 2 , 2 )
A( q ; l , N )
A(q;2,N)
A ( q ; N , l )  A(q;N,2) A(q;N,N)
. ( 2 . 21 )
Each o f  th e s e  e lem en ts  can be reduced t o  a (3  x 3) m a tr ix , where
A ( q ; a , a ' )  =
A ( a , a * )  A ( a , a ’ ) A ( a , a ’ )
11 12 13
A (a ,ot ’ ) 
21
A ( a , a ’ ) 
31
. ( 2 . 22 )
As a has any v a lu e  from 1 to  N and j  has v a lu e s  1 t o  3 , 
th en  eq u a tio n  ( 2 . 2 0 )  c o n ta in s  3N l in e a r  homogen@oL'sr e q u a t io n s . 
In  ord er  fo r  t h i s  s e t  o f  s im u lta n eo u s e q u a tio n s  to  y i e l d  non 
t r i v i a l  s o lu t io n s ,  th e  d eterm in an t o f  th e  c o e f f i c i e n t s  must 
e q u a l z e r o . The r e s u l t in g  s e c u la r  determ in an t i s
I A (q )  -  mw^I 1 = 0 , ( 2 . 2 3 )
where I  i s  a u n it  m a tr ix .
The comple x con j u gate
A^.” ( q ; o , a ' )  = % 0 ^.  ( s ; a , a * )  e ' -
J -  g  3
( 2 . 2 4 )
can be w r it te n  as T 0 . .  ( - s ; a ’ , a ) e  * ~
s  ~
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u s in g  th e  id e n t i t y  g iv en  in  e q u a tio n  ( 2 . 1 1 ) .  I f  th e  sub­
s t i t u t i o n  s ’ = -  s  i s  th en  made
( q ; a , a ' )  = I  0 ^  ^ ( s ’ ; a ’ , a )  e^S " S
= A. .  ( q ; a * , a )  ( 2 . 2 5 )
j i
E quation  ( 2 . 2 5 )  shows th a t  th e  m atr ix  i s  H erm itian  and th e r e fo r e  
a l l  th e  s o lu t io n s  o f  are  r e a l .  T h is means th a t  th e  v ib r a t io n a l  
fr e q u e n c ie s  g iv e n  by v = (w^/4"^)  ^ must be e i t h e r  r e a l  o r  p u r e ly  
im ag in ary . In order th a t  i s  p o s i t i v e  so  th a t  th e  fr e q u e n c ie s  are  
r e a l ,  th e  p r in c ip M  m inors o f  th e  m atr ix  A ^ j ( q ; a , a ' )  must a l l  be  
p o s i t i v e .
In th e  method o f  Long Waves, q i s  s e t  very  sm a ll so  t h a t  th e  
wave le n g th  i s  la r g e  compared w ith  th e  atom ic sp a c in g s  and th e  
c r y s t a l  resp on d s a s  a continuum . T h is e n a b le s  th e  e q u a tio n s  o f  
m otion to  be compared w ith  th e  am plitude o f  e l a s t i c  waves in  o r d in a ry  
e l a s t i c i t y  th e o r y . The e l a s t i c  c o n s ta n ts  can then  be o b ta in e d  in  
term s o f  th e  m atrix  e lem en ts  in  A( q) .  U sing th e  e l a s t i c  c o n s ta n ts  
and a d d it io n a l  data  such  a s  phonon fr e q u e n c ie s  a t  s e le c t e d  p o in t s  in  
th e  B r i l lo u in  zone th e  m atr ix  e lem en ts  can be a n a ly se d  s o l e l y  in  
term s o f  th e  r e c ip r o c a l  l a t t i c e  v e c to r  q . By ta k in g  a r e c ip r o c a l  
l a t t i c e  d ir e c t io n  s p e c i f i e d  by q , th e  freq u en cy  o f  th e  l a t t i c e  waves
p ropagated  through th e  c r y s t a l  in  th e  d ir e c t io n  q may be compared
to  r e c ip r o c a l  wave v e c to r s  in  th a t  d ir e c t io n ;  i . e .  th e  phonon 
d is p e r s io n  cu rves can be found .
In eq u a tio n  ( 2 . 1 6 )  i t  has been shown th a t  s  . q i s  some
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m u lt ip le  o f  2tt. I f  we c o n s id e r  a f i n i t e  c r y s t a l  c o n ta in in g  n = .
atoms and ap p ly  p e r io d ic  boundary c o n d it io n s  then
[^s^q^ = m u lt ip le  o f  277
M s^q = m u lt ip le  o f  277 
2 2 2
( 2 . 2 5 )
^^3^3-3  " m u lt ip le  o f  2 t7 J .
When c o n s id e r in g  th e  r e c ip r o c a l  l a t t i c e  c e l l  n e a r e s t  th e  o r ig in  we have
~ 7T  < s q  <T7~ a = 1 , 2 , 3  and i s  n o t summed ( 2 . 2 7 )M ot a M a a
Thus th e r e  are e x a c t ly  M .M .M d i s t i n c t  q v e c to r s  in  th e  f i r s t1 2  3 ~
B r i l lo u in  zon e.
Suppose a wave v e c to r  q e x i s t s  such  th a t
q = g + q ’ J ( 2 . 2 8 )
where g i s  some r e c ip r o c a l  l a t t i c e  v e c to r  and q ’ i s  a n o th er  v e c t o r ,  
th en  th e  v a lu e  o f  g can a lw ays be chosen  to  make | q ’ | a s  sm a ll a s  
p o s s ib le .  T h is means q ’ l i e s  n ea r e r  to  th e  o r ig in  than to  any o th e r  
s i t e s  o f  th e  r e c ip r o c a l  l a t t i c e .  T h erefore  b ecau se  o f  th e  p e r io d i ­
c i t y  o f  th e  l a t t i c e  i t  i s  e v id e n t  th a t  any p o in t  q in  r e c ip r o c a l  
sp ace  can be reduced  to  a p o in t  in  th e  f i r s t  B r i l lo u in  zo n e .
The s e c u la r  determ in an t ( 2 . 2 3 )  i s  to o  c o m p lica ted  fo r  an 
ea sy  g e n e r a l s o lu t io n ,  b u t th e  3N r o o ts  in  can be i d e n t i f i e d
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p h y s ic a l ly  in  th e  lo n g  -  w avelen gth  l i m i t .
The s i t u a t io n  in  w hich th e r e  i s  one atom per u n it  c e l l  
and th e r e fo r e  th r e e  r o o ts  in  i s  c o n s id e r e d . In e f f e c t  an
e l a s t i c  continuum  i s  b e in g  d e a l t  w ith , whose s tr u c tu r e  i s  to o  
f in e  t o  be s i g n i f i c a n t  in  th e  dynamics o f  lo n g  w aves. I t  i s  
known th a t  in  such  a continuum  th r e e  ty p e s  o f  a c o u s t ic  waves 
o f  d i f f e r e n t  v e l o c i t i e s  may be p rop agated . The e s s e n t i a l  
d if f e r e n c e  betw een th e s e  th r e e  a c o u s t ic  modes i s  in  th e  n a tu re  
o f  t h e ir  p o la r iz a t io n .  In  an i s o t r o p ic  continuum  one mode i s  
l o n g it u d in a l ly  p o la r iz e d .  T h is means th a t  th e  d isp la cem en t  
v e c to r  o f  each atom i s  a lo n g  th e  d ir e c t io n  o f  p ro p a g a tio n  o f  th e  
w ave. The o th e r  two modes are  o f  th e  same v e lo c i t y  and t r a n s ­
v e r s e ly  p o la r iz e d ,  in  o th e r  words th e  atoms move in  th e  p la n e s  
norm al to  th e  wave v e c to r .  However, a c r y s t a l  s tr u c tu r e  i s  :- 
i s o t r o p ic  in  i t s  m acroscop ic  e l a s t i c  p r o p e r t ie s ,  so  th e  
v e lo c i t y  o f  a wave w i l l  depend on th e  d ir e c t io n  o f  p r o p a g a tio n .
In  the. more co m p lica ted  c a se  where th e r e  are N atoms p e r  u n it  
c e l l  3(N -  1 ) o p t ic a l  modes are found . T h is i s  b eca u se  o p t ic a l  
modes in v o lv e  d isp la cem en ts  o f  th e  atoms w ith in  th e  c e l l  in  d i f f e r e n t  
d ir e c t io n s ,  w hereas a c o u s t ic  modes are due to  th e  atoms v ib r a t in g  
in  th e  same d ir e c t io n .
The c l a s s i f i c a t i o n  o f  th e  modes in to  e i t h e r  tr a n s v e r s e  o r  
lo n g it u d in a l  can be r a th e r  m is le a d in g  as i t  i s  n o t n e c e s s a r y  fo r  
th e  p o la r iz a t io n  v e c to r  to  be p e r p e n d ic u la r  t o ,  o r  p a r a l l e l  t o  th e  
wave p rop agation  v e c to r .
The r e la t io n  betw een v and q i s  l in e a r  n ear  q = 0 , w ith  th e
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s lo p e  e q u a l t o  th e  co rresp o n d in g  m acroscop ic  sound v e l o c i t y .
The e l a s t i c  c o n s ta n ts  can a l s o  be determ ined  from th e  s lo p e .
As th e  boundary o f  th e  B r i l lo u in  zone i s  approached d is p e r s io n  
ta k e s  p la c e .  The d is p e r s io n  i s  n e c e ssa r y  to  s a t i s f y  th e  c o n d i­
t io n  t h a t  th e  w hole p a tte r n  o f  r o o ts  o f  A > as a fu n c tio n  o f  q 
in  r e c ip r o c a l  sp a c e , i s  co n tin u o u s and has th e  p e r io d ic i t y  o f  
th e  r e c ip r o c a l  l a t t i c e ,
2 . 5 .  The Method o f  Long Waves
For sm a ll v a lu e s  o f  q e q u a tio n  ( 2 . 2 0 )  can be s o lv e d  by a  
p e r tu r b a tio n  method o r i g i n a l ly  due to  Born The co rresp o n d in g
s o lu t i o n s ,  w hich r e p r e s e n t  l a t t i c e  waves o f  la r g e  w a v e - le n g th ,  
en a b le  th e  e l a s t i c  c o n s ta n ts  to  be e x p r e sse d  in  term s o f  th e  m atr ix  
e lem en ts  A(q) .
One p o in t  sh ou ld  be c o n s id er e d  b e fo r e  th e  p e r tu r b a tio n  method 
i s  d ev e lo p ed . There a re  3N s o lu t io n s  to  e q u a tio n  ( 2 . 2 0 )  and i t  i s  
r e a so n a b le  to  ex p ec t th a t  i f  q i s  v a r ie d  continuG^^i^ th en  th e  3N 
branches o f  th e  d is p e r s io n  curve w i l l  a l s o  vary in  a co n tin u o u s  
way. T his i s  g e n e r a lly  tru e  e x c e p t  in  th e  im m ediate neighbou<t.»too.b 
o f  th e  p o in t  q = 0 . By c o n s id e r in g  th e  s in p le  ca se  o f  e l a s t i c  waves 
in  an i s o t r o p ic  medium i t  can be shown th a t  th e  ^dependence o f  th e  
s o lu t io n s  on th e  param eter q i s  n o t  r e g u la r  a t  th e  p o in t  q = 0 .
I t  i s  knovm th a t  f o r  any wave v e c to r  q th e r e  are  two tr a n s v e r s e  
waves and one lo n g it u d in a l  wave. T h is means th a t  as th e  p o in t  q = 0
i s  approached through th e  q -v a lu e s  a l l  p o in t in g  in  th e  same d i r e c t io n ,  
th e  p o la r iz a t io n  v e c to r s  o f  th e  th r e e  s o lu t io n s  rem ain th rou gh ou t
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r e s p e c t iv e ly  p a r a l l e l  and p e r p e n d ic u la r  to  th e  g iv en  d ir e c t io n .
The l im i t s  o f  th e  p o la r iz a t io n  v e c to r s  are th e r e fo r e  d i f f e r e n t
i f  th e  p o in t  q = 0 i s  approached from d i f f e r e n t  d i r e c t io n s .  As
no unique l i m i t  e x i s t s  fo r  th e  s o lu t io n s  q = 0 , th e  s o lu t io n s
o f  (Û cannot be r e p r e se n te d  in  th e  form o f  T a y lo r ’ s  s e r i e s  in  th e
components q , q , and q as in d ep en d en t p aram eters,
1 2  3
By c o n s id e r in g  o n ly  a o n e -d im e n sio n a l continuum  o f  s o lu t io n s  
which b e lo n g  to  th e  same d ir e c t io n ,  th e  d i f f i c u l t i e s  may be o v e r ­
come, U sing  th e  m agnitude |q | in  th e  above c a se  i t  i s  found th a t  
th e  s o lu t io n s  do vary c o n tin u o u s ly  w ith  |q | down t o  th e  p o in t  
q = 0 , The p e r tu r b a tio n  method i s  th e r e fo r e  d eve lop ed  by w r it in g  
th e  wave v e c to r  as
eq ( 2 , 2 9 )
and expanding a l l  q u a n t i t ie s  depending on th e  wave v e c to r  w ith  
r e s p e c t  to  e .  T h is form o f  exp an sion  i s  e q u iv a le n t  to  an exp an sion  
w ith  r e s p e c t  to  th e  m agnitude o f  th e  wave v e c to r  fo r  a f ix e d  
d ir e c t io n  o f  th e  l a t t e r .  The exp an sion  param eter e can be pu t  
e q u a l t o  u n ity  a f t e r  th e  exp an sion  has been c a r r ie d  o u t .
By expanding eq u a tio n  ( 2 , 1 8 )  w ith  r e s p e c t  to  e ,  th e  fo l lo w in g  
e x p r e ss io n  i s  o b ta in ed
A., ( e q ; a , a ’ ) = a( J )  ( a , a ’ ) + A( l )  ( a , a ’ ) + A(%) ( a , a ’ ) , ( 2 . 3 0 )]K
where
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( a , a ' )  = 0 j j^ ( s ;a ,a ’ ) , ( 2 .3 1 )
A(^) ( a , a ’ ) = i e  % % 0 j% (s ;o ,a ' )  x ^ ( s ; a , o ' )  ( 2 .3 2 )
and
A(^) ( a , a ’ ) = -  I  I  0 . ^ ( s ; a , a ' )  x ^ ( s ; a , a ' )  x ^ ( s ; a ,a ’ )q^q^
 ^ s  J2,n
(2 .3 3 )
E quation  (2 .2 0 ) can be w r it te n  in  th e  more compact form
0 A = A (g )  A 9 (2 .3 4 )
where 0 =/r4i>^  and A i s  a one-colum n m a tr ix ,
A = { A (1 )  ,  A (1 )  ,  A (1 )  ,  A ( 2 )  A ( N )  ,  A ( N )  } .
1 2 3 1 2 3
(2 .3 5 )
and A can a l s o  be expanded in  th e  above way such th a t
Q = n (0 ) + o ( l )  + o (2 ) + ____________  (2 .3 6 )
and A = A( ° )  + A(%) + A<2) + ______________  (2 .3 7 )
The fo llo w in g  s e t  o f  eq u a tio n s  i s  o b ta in ed  from a com parison o f  
eq u a l powers ih  eq u a tio n  (2 .3 4 ) ,
n ( 0 )  A ( 0 )  = A ( 0 )  A ( 0 )  (2 .3 8 )
n ( 0 )  A ( l )  + o ( l )  A ( 0 )  = A ( 0 )  A ( l )  + A ( l )  A ( 0 )  (2 .3 9 )
n ( 0 )  A ( 2 )  +  n ( l )  A d )  +  n ( 2 )  A ( 0 )  = A ( 0 )  A d )  +  A d )  A d )  +  A ( ^ )  A < 0 )  .
(2 .4 0 )
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These e q u a tio n s  must be s a t i s f i e d  f o r  any t r a n s la t io n  o f  th e  
c r y s t a l  as a w h o le . There are th r e e  in d ep en d en t t r a n s la t io n s
u ( s ; a )  3 u ( s ; a )  and u ( s ; a )  . ( 2 . 4 1 )
1 ~ 2 ~ 3 ~
The co rresp o n d in g  A j ( a )  are  o b ta in ed  from eq u a tio n  ( 2 . 1 9 )  fo r  th e  
zero  approxim ation  b y  s e t t in g
w = 0 and q = 0 . ( 2 . 4 2 )
T his r e s u l t s  in  th e  e x p r e ss io n  fo r  th e  column m atr ix
a ( 0 ) = {u ( 1) 3  u ( 1 )5  u ( 1 ) ,  u ( 2 )9  u ( 2 ) . . .  u ( n )  u ( n ) }  = u 
1 2 3 1 2  2 3
( 2 . 4 3 )
As b oth  d  ^ and 0 /  are  zero  b ecau se  i s  o f  th e  secon d  ord er  in  e ,  
th e  f i r s t  ord er  eq u a tio n  i s  reduced  to
A(0)  A ( l )  = -  A ( l )  A(0)  . ( 2 . 4 4 )
So A d )  may be e x p r e se s se d  in  term s o f  A d )  such  th a t
A ( l )  = - [ A ( 0 ) ] - 1  A d )  A d )  . ( 2 . 4 5 )
The secon d  ord er eq u a tio n  i s  rearran ged  so  th a t
A(0)  A d )  = n ( 2 )  A d )  -  A d )  A d )  -  A d )  A d )  . ( 2 . 4 6 )
In ord er  t o  o b ta in  th e  s o lu t io n s  o f  th e  above e q u a t io n , th e  
fo llo w in g  theorem  must be c o n s id e r e d . In  th e  s  e q u a tio n s  g iv e n  by
I  = 1 .  2 • • • •  s )  ,  ( 2 . 4 7 )
n—1
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th e  l e f t  and r ig h t-h a n d  s id e s  are known r e s p e c t iv e ly  as th e  
homogeneous and inhom ogeneous p a r ts  where are th e  unknowns.
The eq u a tio n s  can be s o lv e d  in  th e  u su a l way o n ly  i f  i s  non­
s in g u la r .  i . e .  i f  IB I Z 0 .  I f  one or  more s o lu t io n s  x  ( j )' mn* n
e x i s t  f o r  th e  a s s o c ia t e d  homogenous e q u a t io n s , o b ta in e d  by e q u a tin g  
th e  homogeneous p a r t  o f  ( 2 . 4 7 )  t o  z e r o .
I  V i )  = °  <2 . 48 )
th en  th e  m atrix  i s  s in g u la r .  The n e c e ssa r y  and s u f f i c i e n t  c o n d i­
t io n  f o r  th e  inhom ogeneous e q u a tio n s  to  be s o lu b le  i s  th a t
!  X ( j )  C = 0 ,  ( 2 . 4 9 )
m=l ^
f o r  a l l  j .
So th e  s o l u b i l i t y  eq u a tio n  fo r  ( 2 . 4 6 )  i s
0 ( 2 )  A d )  = a( 1) A d )  + A d )  A d )  . ( 2 . 5 0 )
By s u b s t i t u t in g  eq u a tio n s  ( 2 . 4 6 )  and ( 2 . 4 3 )  in to  th e  above e q u a tio n  
th e  f o l lo w in g  r e s u l t  i s  o b ta in ed
0 ( 2 )  u = [ A d )  _ A d )  [ A( 0 ) ] - 1  A d ) ]  u . ( 2 . 5 1 )
The e x p l i c i t  e x p r e ss io n  o f  ( 2 . 5 1 )  has th e  form
“i  = I  I  B 9% 9" " i ’ ( 2 . 5 2 )j Xu 2
where B i s  g iv en  in  term s o f  th e  ex p a n sio n s in  e q u a tio n s  ( 2 . 3 2 )
( 2 . 3 3 )  and ( 2 . 3 4 )  t o  be
B = I  I  { I  I  I  C u . ( s ; o , a  ) x ^ ( s ; o , a  )
s  a , a*  s  a , a  Y§
~  1 2
C. /. 0 .
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-  4 u . ( s ; o , a ’ ) x . ( s ; a , a ’ ) x ( s ; a , a ’ ) }  . ( 2 . 5 2 a )
1 3  ~  A ** M ~
Now c o n s id e r  th e  fo r c e s  a c t in g  on a u n it  volume o f  an homo­
geneous e l a s t i c  s o l i d  in  which th e  s t r e s s e s  and d isp la c e m en ts  
u^ are  r e fe r r e d  to  an a r b itr a r y  system  o f  c a r te s ia n  axes  x^ . The 
fo r c e s  on th e  s o l i d  are  w r it te n  as
9cr. . 9^u.
93ET -
assum ing th e r e  are no body f o r c e s .  S u b s t i tu t in g  H ooke’s  Law
9u,
° i j  = C, ^  ( 2 . 5 4 )
in to  th e  above e q u a tio n  r e s u l t s  in  a system  o f  l in e a r  p a r t ia l  
d i f f e r e n t i a l  e q u a tio n s  o f  th e  secon d  ord er
9 \
‘^ ijkA t e T l ï ï^  -  P = °  • <2 . 55 )
I f  th e  d isp la cem en ts  are e x p r e sse d  as th e  wave form ( 2 . 1 9 )  th en  e q u a tio n  
( 2 . 5 5 )  can be w r it te n  in  a form due o r i g i n a l ly  to  C h r i s t o f f e l
< L k  ■ '^ik) *k ■ °  ’ ( 2 . 5 6 )
where th e  are  q u a d ra tic  fu n c t io n s  o f  th e  l a t t i c e  v e c to r s  q^ 
w ith  c o e f f i c i e n t s  a cco rd in g  t o  th e  f o l lo w in g  t a b le :
-  22
r c c c c c c
11 11 66 55 56 15 16
r C C C c c c
22 66 22 44 24 46 26
r C C C C C C
33 55 44 33 34 35 45
r C C c i ( c  + c ) J(c + c ) i ( c  + c )
23 56 24 34 23 44 36 45 25 46
r C C C î ( c  + C ) J(c + C ) i ( c  + C ) 
13 15 46 35 36 45 13 55 14 56
r  C C C J ( c  + C ) J ( c  + C ) ^ ( c  + C )
12 16 26 45 25 46 14 56 12 66
( 2 .5 7 )
The r e s u l t  ( 2 .5 6 )  has th e  form o f  ( 2 .5 2 )  and a llo w s  th e  
e l a s t i c  c o n s ta n ts  to  be equated  w ith  term s o f  th e  dgaWi^eU m a tr ix  
A (g ).
2 .6 ,  Frequency S p ec tra  and S p e c i f i c  H ea ts .
The freq u en cy  spectrum  g (v )  i s  d e f in e d  so  th a t  g (v )  dv i s  
th e  number o f  norm al modes in  th e  in t e r v a l  y to  v t  dv. By s o lv in g  
th e  s e c u la r  d eterm in a n t,
I A(q) -  mw^I 1 = 0  , ( 2 .5 8 )
a t  a la r g e  number o f  p o in t s  w ith in  th e  f i r s t  B r i l lo u in  zone and 
d eterm in in g  th e  number o f  r o o ts  th a t  l i e  w ith in  th e  g iv en  
freq u en cy  i n t e r v a l s ,  th e  s p e c tr a  may be approxim ated .
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For h exagon a l c lo s e  packed m eta ls  th e  m atrix  A(q) i s  g iv en  
in  term s o f  3 x 3 su b m atr ices  A and B as 
A B
( 2 .5 9 )A(q) =
B”
In th e  m atr ix  A (q ), th e  sub m atrix  A i s  se en  to  be r e a l  and 
sy m m etr ica l, B i s  com plex and sym m etr ica l and B* i s  th e  com plex  
c o n ju g a te  o f  B, T h erefore  A(q) i s  an H erm itian  m a tr ix . The 
n u m erica l s o lu t io n s  can be s im p l i f i e d  by tra n sfo rm in g  A(q) in t o  a 
r e a l  form . S in ce  th e  r o o ts  o f  th e  s e c u la r  e q u a t io n , which a re  
e ig e n v a lu e s  o f  A (q ), are in v a r ia n t  under a s im i la r i t y  t r a n s ­
form ation  then  I A  ^ -  mtxp-I 1 = 0 , ( 2 .6 0 )
where A" = T“  ^ A(q) T ( 2 ,6 1 )
C on sider A(q) as w r it te n  in  term s o f  th e  3 x 3 sym m etric  
su b m atr ices  A and B and l e t
B = B' + B" i  , ( 2 . 6 2 )
where B' and B*' are r e a l  3 x 3  m a tr ic e s . With th e  c h o ic e  o f  T 
g iv en  by
T =
/ 2
I  I I
i l  I ( 2 . 6 3 )
where I  i s  th e  3 x 3 u n it  m atrix^ th e  r e a l  m a tr ix  A^'(q) i s
,R
A -  B"
B A + B’
( 2 . 6 4 )
The freq u en cy  m odes, c a lc u la t e d  from eq u a tio n  ( 2 . 5 8 ) ,  are  
n orm alized  such th a t
Vmax
g(v)  dv = 1 . ( 2 . 6 5 )
0
T h is  i s  n e c e ssa r y  a s  i t  i s  n o t p o s s ib le  to  compute a l l  th e  norm al 
m odes.
The S p e c i f i c  Heat a t  c o n s ta n t  volume can be c a lc u la t e d  from  
a knowledge o f  freq u en cy  spectrum  by in te g r a t in g  th e  e x p r e ss io n
C = k
V
•max fhv ]
J - 2kT
where h i s  P la n k ’s  c o n s ta n t ,  k i s  B oltzm ann’s c o n sta n t  and T i s  
th e  tem p era tu re .
A more s e n s i t i v e  param eter f o r  com paring ob served  and 
c a lc u la t e d  v a lu e s  o f  i s  6^ and can be o b ta in ed  from G opal’s  
t a b le s  [IG] ,  D ebye’s  approxim ation  assum es a common maximum 
v a lu e  o f  th e  freq u en cy , v^^^, f o r  th e  lo n g it u d in a l  (L ) and T rans­
v e r se  (T) branches o f  a monatomic s im p le  l a t t i c e .  So in s te a d  o f  
r e q u ir in g
W  = ''l = » <2.67)
where and are  th e  v e l o c i t i e s  o f  th e  w ave, th e  B r i l lo u in  zone  
i s  s e t  in  a d i f f e r e n t  p o s i t io n  f o r  th e  lo n g it u d in a l  and tr a n sv e r s e  
waves by th e  c o n d it io n .
V x  = ^  ( L )  = ^  ( T )  . ( 2 . 6 8 )
The Debye Tem perature i s  d e f in e d  in  term s o f  th e  maximum freq u en cy  
o f  th e  monatomic l a t t i c e  by th e  e q u a tio n
®D = • ( 2 . 6 9 )
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Chapter 3
3 .1 .  The P ro p erties  o f  Beryllium^ Magnesium and Zinc
In the c lo se  packed hexagonal l a t t i c e  th ere  are two atoms 
per u n it  c e l l .  So in  equation  (2 .2 )  a  takes th e va lu e 1 o r  2 . 
The b a s is  v ecto rs  have th e  fo llo w in g  v a lu e s ,
b ( l )  = 0  s b (2 ) = a + ~ a  + ^ a
3 ~1 3 ~2 c ~3 (3 .1 )
where a . a and a ( la  I = la  I = a , la  I = c) are th e base  
~1 - 2  ~3 ' ~ 2  ~3
v ecto r s  o f  the hexagonal l a t t i c e .  The l a t t i c e  parameters and 
e l a s t i c  con sta n ts  o f  B eryllium , Magnesium and Zinc are g iven  in  
Table 1 below .
Table 1
C C C C 0 0 a ^ /a
11 12 13 33 44
Be 2 .99 0 ,2 8 0 .1 1 3 .42 1 .6 6 3 .58 2 .28 1 .5 7 R e f . [17]
Mg 0 .628 0.259 0.217 0 .657 0 .1 8 1 5 .2 1 3.21 1 .6 3 R e f . [18]
Zn 1 .768 0 .368 0 .552 0 .677 0.448 4 .9 4 2 .6 6 1 .8 6 R ef. [19]
The e l a s t i c  con stan ts are in  u n its  o f  10 ^^  dynes/cm^ and the
l a t t i c e  parameters are in  angstrom s. a and a suet tend an angle
~1 ~2
o f  120^ and a i s  perp en d icu lar to  th e  p lane co n ta in in g  a and a
~2
For convenience th e  atom at p o s it io n  a = 1 , s = 0 i s  taken  
as the o r ig in  o f  th e  l a t t i c e .  The atom at th e  o r ig in  has s ix
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n earest neighbours. These are d efin ed  to  be in  th e same a ,
~ 1
a^ p lane and a t a d ista n ce  |a | from th e o r ig in .  There are s ix
second and s ix  th ir d  n ea rest neighbours a t  d is ta n ces  o f  [ (c ^ /4 )  + a^/S]^
1 f d \ ^ ^
and [(0 ^ /4 )  + 4 a V s]^  r e s p e c t iv e ly .  I f  c /a  < I—Jthe second n ea rest  
neighbours are c lo s e r  t o  the atom a t  th e o r ig in  than the f i r s t  
n ea rest n eigh b ou rs. The two fourth  n ea rest neighbours are 
s itu a te d  a t  a d ista n ce  c from the o r ig in  in  the a^ d ir e c t io n .
Table 2 l i s t s  the hexagonal co -o rd in a tes  o f  the atom s.
Table 2 N earest neighbours p o s it io n s
s 1 s 2 "3 a
1 0 1
-1 0
0 1 1s t
0 -1
1 1
- 1 -1
0 0 •*1 2
0 0 0
0 -1 2nd
0 -1 0
-1 -1 -1
-1 0
-1 -2 0 2
-1 -2 -1
1 0 0 3rd
1 0 -1
-1 0 0
-1 0 -1
0 0 -1 1
0 0 1 4th
 neighbours
 neighbours
 n e i^ b o u r s
 neighbours
The hexagonal components s j  may be exp ressed  in  terms o f
the components r .  o f  a c a r te s ia n  system , where a = x and 
0 1 1
r = r  X + r  X + r  x
1 1 2 2 3 3
(3 .2 )
The transform ation  i s  g iven  by
(3 .3 )
where th e  transform ation  m atrix T., i sJk
Tjk
0 2
c /a
(3 .4 )
In th e  case o f  id e a l  c lo s e s t  pack in g , th e  gen era l a x ia l  
r a t io  c /a  has th e  value o f  (8 /3 )^  ~ 1.633* This id e a l  r a t io  i s  
c lo s e ly  approximated by Magnesium. B eryllium  and Zinc have low er  
and h ig h er  c /a  r a t io s  r e s p e c t iv e ly  than th a t  o f  the id e a l  l a t t i c e .
The atomic d is ta n c e s  are g iven  in  Table 3 fo r  B ery llium , 
Magnesium and Z inc. The d is ta n ce  o f  th e  j th  n ea rest neighbours  
i s  denoted by r^ .
Table 3 N earest neighbour d ista n ces
Be . _ Mg Zn
a a a
^2 0 .974a 0 . 996a 1 . 092a
^3 1 .396a 1.390a 1 .4 8 la
r 1 . 568a 1.624a 1 . 855a
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3 ,2 . The N oncentral Force Model
In  th e  f o l lo w in g  c a lc u la t io n s  a n o n c e n tr a l fo r c e  model 
i s  u sed . T h is n o n c e n tr a l fo r c e  c o n s is t s  o f  a com bination  o f  
c e n tr a l  f o r c e s  and an gu lar  f o r c e s .  These f o r c e s  may be 
d is t in g u is h e d  by e x p r e ss in g  eq u a tio n  ( 2 . 9 )  a s  a fu n c tio n  o f  
th e  atom ic d is ta n c e s  r ,  such th a t
]k " 8x .  ta x '. 3r^ '
]  K
( 3 . 5 )
where  ^ x^ and the dashed su p e rsc r ip t denotes th e p o s it io n
v e c to r  x ( s ' ; a * ) .  A fte r  m an ip u la tion  th e  above e q u a tio n  becomes
* ..  = s .. 1  r  s 'jk  jk  r  8r  r-'
 1 ^
9r2 r  9r ( 3 . 6 )
The c e n tr a l  fo r c e  i s  g iv en  by
_
9r^ = A (s -  s '  ; a , a ' ) ( 3 . 7 )
and th e  an gu lar  fo r c e  by
B( s ;  a)  . ( 3 . 8 )
T h erefore  eq u a tio n  ( 3 . 6 )  can be w r it te n  a s
x.x ,
.^ (s  -  s ' ;  a , a ' )  = 5^^ B(s  -  s ' ;  a ,o ' )  + - - ^ [ A ( s - s ';  a ,o ' )jk'
XjX,
-  B(s -  s '  ; a , a ' ) 3 ( 3 . 9 )
where A and B are d efin ed  above.
The c e n tr a l fo rce  i s  assumed to  act on ly  along th e  l in e  
jo in in g  th e  two atoms under co n sid era tio n  and i t  i s  in  t h i s  sen se  
a 'r a d ia l  fo r c e * . This fo rce  always a c ts  to  r e s to r e  th e  r a d ia l  
eq u ilib riu m  d ista n ce  between the atoms. The model req u ires one 
c e n tr a l fo rce  con stan t fo r  each s e t  o f  n ea rest  neighbours. These 
fo rce  con stan ts are denoted as A^^^, a (^) and A(^) according
to  th e  r a d ia l d is ta n ces  g iven  in  Table 3 .
The angular fo rce  depends on th e angle which th e  l in e  jo in in g  
th e moving atoms make:; w ith  th e  eq u ilib r iu m  p o s it io n  o f  th e  l i n e .  
S im ila r ly  to  th e  c e n tr a l fo rce  c o n s ta n ts , th ere  are four angular  
fo rce  con stan ts g iven  by b ( ^ ) ,  B(2 ) ,  B^^) and
I f  a ca se  i s  con sid ered  when th ere  i s  on ly  two fo ld  symmetry 
about the eq u ilib r iu m  l i n e ,  then two angular fo rce  co n sta n ts  sh ou ld  
be con sid ered  fo r  each s e t  o f  n e a rest  n eighbours. These correspond  
t o  th e  two d ir e c t io n s  p erpend icu lar to  one another and to  th e  c e n tr a l  
fo r c e . However, as a hexagonal c lo s e  packed l a t t i c e  i s  under c o n s i­
d eration  the la t t e r  p o in t i s  not a p p lic a b le .
3 . 3 .  Long Waves in  th e  B.C.P. S tru ctu re
For th e hexagonal c lo se d  packed s tru ctu re  the r e la t io n s h ip s  
between the e l a s t i c  con stan ts and terms in  th e  d iagonal m atrix are 
much sim pler than th e gen era l case  d iscu sse d  in  s e c t io n  2 . 5 .  This 
s im p lif ic a t io n  a r is e s  from the fa c t  th a t  th ere  are on ly  two atoms 
per u n it  c e l l .  Consequently equation  (2 .3 8 )
o (0 )  A^^) = A(0) (3 .1 0 )
-  3ü -
can be w r itte n  in  th e form
A. . (0 )  (1 ,1 )  A . (0 )  (1)  + a(?)  ( 1 ,2 )  a ( “ ) (2) = 0 . (3 .1 1 )
1J J   ^J J
From equations (2 .12 )  and (2 .3 1 )  i t  can be shown th a t
a ( “ ) ( 1 , 1 ) = -  a (9 )  ( 1 , 2 ) . ( 3 . 1 2 )
1 J  ^J
By s u b s t itu t in g  equation  ( 3 . 1 2 ) in to  equation  ( 3 . 11 ) th e  
fo llo w in g  id e n t i t y  em erges.
A . ( 0 )  (1 ) = A . (0 )  (2)  . (3 .13 )
J J
In th e f i r s t  order approxim ation equation  (2 .2 0 )  i s  w r itte n
as
 ^ a (? )  (ot,a*) a (^ )  (a*) +  ^ a(^) (a ,a* )  A . (o )  (a*) = 0 . (3 .1 4 )  
a ' ^ a? J
By co n stru ctin g  th e  m atrix elem ents fo r  the hexagonal c lo s e  packed  
s tru ctu re  from equation  ( 2 . l 8 ) ,  i t  i s  found th a t
A ( l )  ( 1 , 1 ) = 0 . (3 .1 5 )
U sing the above property  and th e  id e n t i ty  g iven  in  equation  (3 .1 2 )  
th e  f i r s t  order equation  can be exp ressed  in  the fo llo w in g  way.
A ( l )  (1) -  A ( l )  (2)  = -  [a| 9 )  (1 ,1 )]"^A(1)  ( 1 ,2 )  A . (0 )  (2)  .
J J i j  i j  J
(3.16)
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The second order approxim ation i s  w r itte n  as
0(2)  (a) =  ^ { A(0 ) (a,a*)  (a*) + A(l )  ( a , o ' )  A(^) (a*)
a*
a ( 2) ( o , a ' )  a ( 0) ( o ' )  } . (3 .17 )
By i n i t i a l l y  g iv in g  a the value 1 and u sin g  th e  same 
p r o p er tie s  as in  th e  f i r s t  order c a lc u la t io n  th e  above equation  
can be w r it te n  as
n (2)  a ( o )  (1 ) = a (o )  (1 , 1 ) [a^ (2 ) ( 1 ) -  Aj^(2) ( 2 )]
+ A ( l )  ( 1 ,2 )  Aj^(l) (2)
+ ( a ( 2) (1 ,1 )  + A(2) ( 1 , 2 ) }  Aj^(“ ) (1 ) . (3 .1 8 )
S im ila r ly  when a has th e va lu e 2 equation  (3 .17 )  i s  w r it te n  as 
n (2 ) a ( 0 ) (2 ) = a ( “ ) ( 2 , 1 ) [A^(Z) (1 ) _ A^(2 ) (2 )]
+ a ( i ) ( 2 ,1 )  (1)
+ (A(Z) (2 , 1 ) + a (2 )  ( 1 , 1 )} Aj^(O) ( 1 ) . ( 3 . 1 9 )
In  th e  zero  order approxim ation i t  was found th a t
A. (®)  ( 1 ) = A , ( 0 ) ( 2 ) ( 3 . 2 0 )
J d
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and so  consequently
q(2)  ^ (o )  (2)  + 0 ( 2 ) a ( o )  ( 1 ) = 2 0 (2 ) A(o) (1)  . ( 3 .21 )
J J J
From equation  (2 .1 1 )  i t  may be shown th a t
A (p  (2 , 1 ) = A ( l )*  (1 , 2 ) = -  a ( 1) ( 1 , 2 ) . ( 3 . 2 2 )
The above equation  s u b s t itu te d  in to  equation  (3 .19 )  w ith  the  
id e n t i t y  g iven  in  ( 3 . 1 6 ) r e s u lt s  in  th e  fo llo w in g  ex p ressio n
20( 2 ) A;(o)  ( 1 ) = A ( l )  ( 1 , 2 ) [a (^ ) ( 1 , 1 ) ]" '  A ^ ) ( 1 , 2 ) A^/O) ( i )
+ 2 ( a ( 2 ) ( 1 , 1 ) + a ( 2 ) ( 1 , 2 )} Aj^(°) (1 )  .
(3 .2 3 )
The above equation  i s  compared w ith  th e  e l a s t i c  so lu t io n
m.2 A . ( l )  = «1 ^ ( 1 )  ' (3.2U)
which a r is e s  from s u b s t itu t in g  th e wave s o lu t io n  in to  equation  
(2 . 55 ) .  i s  th e  atomic volume. By equating th e two s o lu t io n s  
the fo llo w in g  r e la t io n  between the e l a s t i c  con stan ts and th e  
m atrix elem ents is; ob ta in ed .
^  C ijk l %1 = a A ( p ( l , 2 )  lA ^ )  ( 1 . 1 ) ] - '  A ^ )  ( 1 , 2 )
+ a ( 2 ) (1 , 1 ) + a ( 2 ) ( 1 ,2 ) . ( 3 . 2 5 )
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So by u sin g  th e fo rce  con stan ts g iven  in  equation  ( 3 .9 )  
th e  e l a s t i c  con stan ts may be w r itte n  thus :
13 / 3c
44 /g (
{E (2 ) /4  + E(3) -  2B(4)} . (3 .2 6 )
 ^ ~  { E ( 2 ) A  + E(3) + 0 /^ B  + 2B(4)}  . (3 .27 )
33
2
/ 3 c
(E(2) + E(3) )  + ( 3 / #  + 2A(4)} .
( 3 .28)
C = { R [a ( 0  -  B ( l ) ]  + E ( 2 ) A  + 4E(3) + 3B(1) + B(%)
11 / 3c ^
(3 .2 9 )
C = { I- [a (1 )  -  b(3)]  + E(2 ) /1 2  + I- E(3) -  3B(^) -  b(^)
12 / 3« 4 j
kB(3)  + i  } .
X
(3 .3 0 )
where
E(2) = [a (2)  _ b (2 ) ]  , E(3) = [a (3)  _ B^^)]
2 3
and
B = B(z)  + b ( 3) , o = Y 2 (3 )
= 6b + E(2) + 4e(3)  .
E(2)
S im ila r ly  Huang's co n d itio n  [20] th e  van ish in g  o f  th e  d&via-
t o r ic  s t r e s s  ten so r  S . . ,  which corresponds to
 ^J
I  x^(s ;  a ,a * )  x .  ( s ;  a , o ' )  (f)* ( | x ( s ;  a ) | )  = 0 , (3 .31 )
s , a , a
can be exp ressed  as
3 9 ( 1 ) + b ( 2 ) + 4 3 ( 3 ) = $ { 3 ( 2 ) + 9 ( 3 ) + J  9 ( 4 )} .
( 3 .3 2 )
This c o n d itio n  fo rce s  the v e lo c i t y  o f  th e  e l a s t i c  waves in  
th e [0001] d ir e c t io n , p o la r iz e d  in  th e [0110] d ir e c t io n  to  
be equal to  th a t o f  th e  e l a s t i c  wave in  th e  [0110] d ir e c t io n  
and p o la r iz e d  in  th e  [0001] d ir e c t io n .
3 . 4 . The Phonon D isp ersio n  R e la tio n s
For th e  hexagonal c lo s e  packed s tru c tu re  th e  ex p ress io n  
fo r  th e dynamical m atrix  g iven  in  equation  (2 .2 1 )  reduces to
A(q) =
A ( 1 ,1 )
A ( 1 ,1 )  
22
A ( 1 ,1 )
33
A ( 2 ,1 ) A ^ ^ ( l , l )
A ( 2 , 1 )
22
A ( 1 ,1 )  
22
A33( 2 , 1 )
( 3 .3 3 )
fo r  waves propagated in  th e [OOOl] and [0110] d ir e c t io n s .  
Due to  th e above symmetry, th e  se c u la r  determ inant can be 
fa c to r iz e d  in to  th e  th ree  sep ara te  determ inants below ;
a)
b)
c)
A ( 1 ,1 )  -  im)2 
11
A^^(2 , l )
A ( 1 ,1 )  -  m)2 
22
A ( 2 ,1 )
22
A ( l , l )  -  ma)2 
33
A j j ( l , 2 )
A ^ ^ ( l , l )  -  mü)2
A ( 1 ,2 )
22
A ( 1 ,1 )  -  m)2 
22
A (1 ,2 )
33
A ( 1 ,1 )  -  mw2 
33
= 0
S 0
= 0 > .  (3 .3k)
By making use o f  th e  id e n t i ty
A ( 2 , l )  = A' ( 1 ,2 )  , (3 .3 5 )
th e s o lu t io n  o f  th e  determ inants have th e  form
mw2 = A .. ( 1 ,1 )  ± [A ..  ( 1 ,2 )  A. .  ( 1 , 2 ) ]
JJ JJ JJ
(3 .3 6 )
As th e  elem ents o f  th e  dynamical m atrix A(q) are fu n ctio n s  
o f  q, th e  phonon d isp e r s io n  curves in  th e  [OOOl] d ir e c t io n  may he 
found by forming th e  value o f  q p a r a l le l  to  the above d ir e c t io n .  
So th e co n d itio n s
<13 c  = g
q = q = 0 
1 2
(3 . 37 )
are su b s t itu te d  in to  the m atrix  elem ents used in  eq u ation  ( 3 . 3 6 )
From th e d isc u ss io n  in  Chapter 2 th ere  should  be two
tra n sv erse  waves and one lo n g itu d in a l wave. The lo n g itu d in a l  
wave i s  p o la r ized  in  th e d ir e c t io n  o f  propagation and th e  
frequency i s  g iven  by th e fo llo w in g  eq u ation .
"l = 1 (* 33(1 . 2 )
where
2
*2 = 6b + I Ga (E(2) + E (3 ) )  .
Because o f  th e  symmetry in  th e  [OOOl] d ir e c t io n  th e  two tr a n s­
verse  waves are id e n t ic a l ly  g iven  by
[A ^(l ± cos + 45( 4 ) (1  ^ cos% , (3 .3 9 )
where
= 6B + E(2) + 4e (3)  .
The ch o ice  o f  s ig h s  in  th e equations enable th e  a c o u s t ic  modes to  
be c a lc u la te d  u sin g  the n eg a tiv e  s ig n  and th e o p t ic a l  modes u s in g  
th e  p o s it iv e  s ig n .  By p lo t t in g  th e  frequency v a g a in st  q/q^^^, 
where <2^^ = ir, the phonon r e la t io n s  in  th e  [OOOl] d ir e c t io n  may 
be found.
The exp ressio n s fo r  th e freq u en cies at th e  p o in ts  q = 0 and 
q = q ^ ^  are u se fu l in  determ ining th e  fo rce  c o n s ta n ts . This i s  
because th e  freq u en cies can be exp erim en ta lly  determ ined most a ccu ra te ly  
a t th e se  p o in t s .  So by u sin g  th e  equations in v o lv in g  th e  e l a s t i c  
con stants and a ls o  th e equations fo r  a number o f  p o in ts  on the  
phonon d isp ers io n  cu rv es, th e  fo rce  con stan ts may be found. The
eq u a tio n s  below  g iv e  th e  d is p e r s io n  r e la t io n s h ip s  a t  q = 0 
and q = q ^ ^  in  th e  [OOOl] d ir e c t io n .
(q  = 0 ) = 2 Ajr ( 3 . 4 0 )
( q  = 0 ) = ( 3 . 4 l )
^ t  “ %nax  ^ = 4 :  + 4B(4) (3 .42 )
” %qy) = + 4a ( ‘*) (3 .4 3 )
The procedure f o r  d eterm in in g  th e  d is p e r s io n  r e la t io n s  
in  th e  [O llo ]  d ir e c t io n  i s  s im i la r  t o  th a t  a lr e a d y  d is c u s s e d  
fo r  th e  [OOOl] d ir e c t io n .  In  ord er  fo r  g. t o  be p a r a l l e l  t o  
th e  [O llo ]  d ir e c t io n  th e  fo llo w in g  c o n d it io n s  are n e c e s s a r y .
q a = q 
2
q = q = 0  
1 3
On t h i s  o c c a s io n  th e  lo n g it u d in a l  wave i s  g iv en  by
(3 .44 )
Vl = [A22(1,D ± (A^^d.a) A22* (1,2))^]}^ . ( 3.k5 )
The tra n sv erse  waves are found by p u ttin g  k = 1 or  3 in  th e  
fo llo w in g  ex p ress io n .
^T ” 4^7r^ m \ k *  ( i s ^ ) ) ^ ] } ^  , (3 .4 6 )
where the co n d itio n s  (3 .4 4 )  have been a p p lied  to  th e  m atrix  
elem ents By p u ttin g  q = q ^ ^  in  equation  (3 .4 5 )  and ( 3 .4 6 )
th e  fo llo w in g  equations are o b ta in ed .
L.O. mo)  ^ = C + 6A + 2 / 3  E(2) ,
22
L.A. T m  2 = D + 6A + 4 /3  E(2) + 8E(3) ,
22
T.O. mw 2 = C + 2A + 2E(2) ,
11
T.A. mw 2 =
11
D + 2A + 8E(3) ,
2
T.O, inw  ^ = C + 2
33
T.A.
where
= D +
33
c
a
E(2) ,
(E(2) + 3E(3))
(3 .k7)
(3.1*8)
(3.1*9)
(3 .50 )
(3 .5 1 )
(3 .5 2 )
C = 8 ( 3 ( 1 ) + 3 ( 2 ) ) ,
A S [a (1 )  -  3 ( 1 ) ] and D = k ( 2 3 ( l )  + b(2)  + 33( 2) ) .
The two l e t t e r s  b efo re  th e equations d escr ib e  th e wave as lo n g itu ­
d in a l (L) or  tra n sv erse  (T) and a c o u s t ic a l (A) or o p t ic a l  (O).
Chapter k
4 . 1 .  R esu lts  and D iscu ssio n
The c a lc u la t io n s  were i n i t i a l l y  ca rr ied  out fo r  
Magnesium, B eryllium  and Zinc,  u sin g  in te r a c t io n s  out to  
th e  th ir d  n ea rest n e i^ h o u r s . This r e s u lt s  in  a p a r tic u ­
la r ly  s in p le  ex p ressio n  fo r  th e  phonon d isp ers io n  r e la t io n s  
in  th e  [OOOl] d ir e c t io n . On s u b s t itu t in g  equation  (3 .2 7 )  
in to  equation  (3 .3 9 )  and l e t t i n g  B^^) = 0 ,  th e  tra n sv erse  
branch i s  g iven  by
1
4n2m a^ C (1  ± cos VC q) . ( 4 ,1 )c 44
S im ila r ly  th e  lo n g itu d in a l branch i s  g iven  by
= [ s i z s  ) Cgg (1 ± cosn  c q) . (k .2 )
The d isp ers io n  r e la t io n s  in  th e [01Ï0] d ir e c t io n  are
c a lc u la te d  by s u b s t itu t in g  va lu es fo r  th e  force  con stan ts
in to  equations (3 .45 )  and ( 3 . 4 6 ) .  The force  con stan ts were
ob ta in ed  by so lv in g  s ix  l in e a r  sim ultaneous equations th a t
exp ressed  exp erim en ta lly  determ ined d ata . The ex p ress io n s
fo r  th e  e l a s t i c  con stan ts C , 0  and C (eq u ation s 3 . 2 6 ,
33 44 13
3.27  and 3 .28)  to g e th er  w ith  Huangs* co n d itio n  fo r  v a n ish in g
d e v ia to r ic  s t r e s s  (equation  3 .32 )  were four o f  th e  eq u ation s
u sed . Another l in e a r  equation  was ob ta in ed  by adding to g e th e r
th e  non l in e a r  exp ression s fo r  the e l a s t i c  con sta n ts  C and C
11 12
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A d i f f i c u l t y  a r i s in g  from t h i s  l a s t  eq u a tio n  i s  th a t  a l t h o u ^
th e  fo r c e  c o n s ta n ts  may p r e d ic t  th e  c o r r e c t  v a lu e  o f  C + C ,
11 12
th e  in d iv id u a l ly  p r e d ic te d  v a lu e s  may he in c o r r e c t .  The e x p r e ss io n  
(e q u a tio n  3 . 5 1 ) f o r  th e  freq u en cy  o f  th e  tr a n s v e r s e  o p t ic a l  mode, 
p o la r iz e d  p e r p e n d ic u la r  t o  th e  b a s a l  p la n e  on th e  zone boundary  
in  th e  [0 1 1 0 ] d ir e c t io n ,  c o n p le te d  th e  s e t  o f  e q u a t io n s .
A lthough th e  g e n e r a l f e a tu r e s  g iv e n  by th e  phonon d i s ­
p e r s io n  cu rves are in  g e n e r a l agreem ent w ith  th e  e x p er im en ta l  
r e s u l t s , w ith  th e  e x c e p tio n  o f  Magnesium, th e  d e t a i l e d  agreem ent 
i s  p o o r . The p r e lim in a r y  c a lc u la t io n s  fo r  B ery lliu m  showed  
th a t  f o r  t h i s  e lem en t th e  r e s u l t s  were ex trem ely  s e n s i t i v e  t o  
th e  m odel. In  o rd er  th a t  th e  chosen  v a lu e s  o f  th e  e l a s t i c  con­
s t a n t s  may p r e d ic t  c o n s is t e n t  r e s u l t s  i t  was n e c e ssa r y  to  in t r o ­
duce th e  f o l lo w in g  c o n d it io n .
This c o n d it io n  i s  found by assum ing th a t  th e  non l in e a r
e x p r e s s io n , i n  th e  eq u a tio n s  f o r  C and C i s  n e g l i g i b l e .  T h is
11 12
assum ption i s  j u s t i f i e d  as a check showed th a t th e  maximum d is c r e ­
pancy was l e s s  than 2 , ^ % .  No improvement in  th e  r e s u lt s  fo r  Zinc 
cou ld  be found by u sin g  th e  co n d itio n  ( 4 . 3 ) .
The e l a s t i c  con stan ts chosen in  order t o  deduce th e  fo rce  
con stan ts are compared w ith  t h e ir  corresponding experim ental v a lu es  
in  Table 4 . The a s so c ia te d  fo rce  con stan ts are g iven  in  Table 5 .
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Table 4
C
11
C
12
c
13
c
33
C
44
c /a
valu e used 2 .99 0 .1 3 0 .1 9 3 .08 1 .4 9 1 .5 7
Be
experim ental value [18] 2 .99 0.28 0 .1 1 3.42 1 .6 6 1 .5 7
Mg
value used 0.643 0 .244 0 .217 0 .657 0 .181 1 .6 3
experim ental value [19] 0.628 0 .259 0 .217 0 .6 5 7 0 .1 8 1 1 .6 3
valu e used 1 .361 0.775 0.552 0 .677 0 .4 4 8 1 .8 6
Zn
experim ental value [20] 1 .768 0 .368 0.552 0 .677 0.448 1 .8 6
The E la s t ic  con stan ts are in  u n its  o f  10^^ dynes/cm^.
The phonon d isp ers io n  curves ob ta in ed  u sin g  th e  fo rce  
con stan ts from Table 5 are shorn in  F igures 1 and 2 ,  where th ey  are  
conpared w ith  experim ental dataf^^
Table 5
a ( 1 ) a (2) a (3) b ( i ) 3 (2 ) b (3)
Be 2.437 3.002 1.002 0 .0 9 7 0.152 0 .392
Mg 1 .108 1 .094 0.105 0.0096 0 .0095 - 0 .0298
Zn 2.042 0 .198 1.187 0.059 0 .076 - 0 .118
The fo rce  con stan ts are in  u n its  o f  10^ dynes/cm .
A histogram  o f  th e  frequency spectrum  was ob ta in ed  by 
so lv in g  equation  (2 .2 3 )  fo r  a random sanple o f  2500 q v ec to r s  in  
1 /2 4  o f  th e  B r illo u in  zone and p lo t t in g  th e  number o f  ro o ts
42
th a t l i e  w ith in  a g iven  frequency in te r v a l a g a in s t  frequency.
The r e s u l t s  are shown in  F ig u r e s  3* The h isto g ra m  i s  n orm alized  
a cco rd in g  t o  e q u a tio n  (2*65) .  The r e s u l t s  o f  Young and 
Koppel [24] ayg a l s o  shown i n  F ig u res  3. These au th ors have  
u sed  a c e n tr a l  fo r c e  law  w ith  in te r a c t io n s  o u t to  f i f t h  n e a r e s t  
n e i^ b o u r s  fo r  B e r y lliu m . For M agiesium  a t e n s o r  fo r c e  law  
w ith  in t e r a c t io n s  o u t t o  fo u r th  n e a r e s t  n e i^ b o u r s  was u se d .
The te n so r  fo rce  law which th ey  adopted fo r  Zinc i s  ra th er  
curious in so fa r  as th e  in te r a c t io n s  out to  th e s ix th  n ea rest  
neighbours are in c lu d ed  but th ere  i s  no co n tr ib u tio n  from the  
fourth  and f i f t h  n ea rest n eigh b ou rs. However, the r e s u lt s  from 
the p resen t computation are in  gen era l agreement w ith  th e  r e s u lt s  
o f  th ese  au th ors. In order to  improve th e  form o f  th e h istogram , 
th e number o f  random samples o f  g  v ec to rs  was in crea sed  to  5000.
This d id  not s ig n i f ic a n t ly  change th e  h istogram , but th e amount 
o f  computing tim e requ ired  was alm ost doubled.
The S p e c if ic  Heats were c a lc u la te d  u sin g  th e  frequency  
spectrum shown in  F igures 3 and th e equation  ( 2 . 6 6 ) .  For 
Magnesium th e  S p e c if ic  Heat a t con stan t volume i s  p lo t te d  a g a in st  
th e tem perature and compared w ith  experim ental data [25] ij- 
Figure 4 . The c a lc u la te d  va lu es o f  th e  s p e c i f i c  Heats fo r  B eryllium  
and Zinc were in  poor agreement w ith  th e  experim ental v a lu e s .  
S im ila r ly  th ere  was poor agreement w ith  th e Debye Temperature 
( s e c t io n  2 .6 ]  fo r  Magnesium. This i s  probably because no account 
has been taken o f  th e  anharmonic e f f e c t s  p resen t or o f  th e  
e le c tr o n ic  co n tr ib u tio n  in  th e determ ination  o f  th e  fo rce  c o n s ta n ts .
-  43 -
4 , 2 .  Methods o f  Im proving th e  Model
I t  i s  worth d isc u ss in g  a number o f  in te r e s t in g  r e la t io n s  
betw een th e  equations fo r  th e  e l a s t i c  con stan ts and th e  frequen­
c ie s  on th e  zone boundaries in  th e  [OOOl] and [01Î0] d ir e c t io n s .  
These r e la t io n s  cre a te  r e s t r ic t io n s  upon the ch o ice  o f  ex p e r i­
m ental va lu es to  be used  in  con ju n ction  w ith  th e  e l a s t i c  cons­
ta n ts  to  determ ine the fo rce  c o n sta n ts . When con sid er in g  in t e r ­
a c t io n s  out to  th e  th ir d  n ea rest neighbours th e  fo llo w in g  r e la t io n ­
sh ip s  are r e a d ily  ob ta in ed .
2 moj2 (q = q^^) = mw^  (q = 0) ., (4.4)
2 /3 c  0
44
4 / 3 c  C
44
2
C mü)2
mü)2 (q = 0) . (4.6)
There i s  a s im ila r  s e t  o f  equations fo r  th e  lo n g itu d in a l modes
and th e  e l a s t i c  con stan t C « A ll  th e equations d iscu sse d  here
33
are shown between equations ( 3 .2 6 )  t o  (3 .3 0 )  and (3 .4 o )  t o  ( 3 . 4 3 ) .  
Now the experim ental va lu es o f  mm^  g iven  in  Table 6 appear to  
be incom patib le w ith  th e above eq u a tio n s , except fo r  Magnesium. 
However, i f  th e  in te r a c t io n s  are con sid ered  out to  fo u r th , f i f t h  
and s ix th  n ea rest neighbours then  th e  fo llo w in g  r e la t io n  always 
e x i s t .
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Table 6
Phonon en erg ies  nw  ^ ( x 10^ erg s)
q = 0 1 °  Imax [°°°^ ) 1 “ V x  [O lio ]
OPTICAL H3ü)2
11
10 .4 6 .776 -
22
1 0 .4 6 .776 15 .69
Be
ACOUSTICAL
mü)2
33
mcü2
11
23.39
0
14.451
6.776
16 .8 7
130)2
22
0 6 .776 14 .006
mo)2
33
0 14.451 8.65
OPTICAL mwZ 
11
2 .54 1 .2 5 4 .4 7
mo)2
22
2.54 1 .25 7 .5 8
Mg
ACOUSTICAL
130)2
33
130)2
11
8.35
0
4 .3 2
1 .25
6 .08
2 .1 8
130)2
22
0 1 .25 7 .04
mo)2
33
0 4.32 2 .8 1
OPTICAL 130)2
11
1 .9 1 0 .9 7 -
im)2
22
1 .9 1 0 .9 7 1 6 .93
Zn
ACOUSTICAL
130)2
33
130)2
11
7.34
0
7 .2 3
0 .9 7
2 .1 3
130)2
22
0 0 .9 7 15 .26
330)2
33
0 7 .2 3 0 .9 8
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2
4 / 3 c  c
44
_c
a (4m*)2 (q  = q ^ )  -  mw^  (q  = O)) . (4.T)
There i s  a s im i la r  e q u a tio n  f o r  th e  lo n g it u d in a l  mode
4 /3 c  ^33 “ [ f  (q = q^^^) -  (q  = O)) . ( 4 ,8 )
I f  a l l  th e  equations are con sid ered  up to  th e  fou rth  n ea rest  
neighbours then  th e  d iscrepancy in v o lv ed  in  equation  ( 4 . 4 )  i s  
found to  be r e la te d  to  th e  fo rce  con stan t b (^)  by th e equation
2mo)| (q  = q ^ ^ ) -  mw^ (q  = 0 )  = 8b (^) ( 4 .9 )
S im ila r ly  from th e  lo n g itu d in a l modes the c e n tr a l fo rce  con stan t
a (^)  i s  g iven  by
2mo)2 (q = q^^^) -  mo)2 (q = O) = 8a(^) ( 4 . 1 0 )
Thus in  view  o f  th e above equations i t  i s  im p o ssib le  u s in g
th e t h e o r e t ic a l ly  c a lc u la te d  fo rce  con stan ts fo r  th ree  n ea rest  
neighbours to  match th e  exp erim en ta lly  determ ined phonon d isp e r s io n  
curves and th e  e l a s t i c  c o n s ta n ts . I t  was th e r e fo r e  d e s ir a b le  to  
rep ea t th e  c a lc u la t io n s  fo r  th e force  con stan ts u sin g  four n ea rest  
neighbour in te r a c t io n s .
The ex ten sio n  o f  th e  model made no n o tic e a b le  d if fe r e n c e  to  
th e  r e s u lt s  o f  B eryllium  and Zinc,  although th ere  was an improvement 
fo r  Magnesium. The force  con stan ts fo r  Magnesium, u sin g  four n e ig h ­
bour in te r a c t io n s ,  are g iven  in  Table J ,
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Table 7
a ( i ) a (2) a ( s ) a U ) b ( i ) b (2) 3 ( 3 ) 5 ( 4 )
Mg 1.133 1.055 0.0958 0 .0357 0 .0507 0.0196 - 0 .0631 0.0174
The force  con stan ts are in  u n its  o f  10^ dynes/cm
Note th a t  Magnesium appeared, to  s a t i s f y  equation  ( 4 .4 )  because  
o f  th e  low va lu es o f  A^^) and The e l a s t i c  con stan ts used
in  th e  c a lc u la t io n  are g iven  in  Table 8 and the phonon d isp e r s io n  
curves shown in  FiguresSA andjG.
Table 8
C
11
C
12
C
13
C
33
c
44 c /a
value used 0 .644 0 .242 0 .217 0 .657 0 .1 8 1 1 .6 3
Mg
experim ental value [19] 0 .628 0 .259 0 .217 0 .657 0 .181 1 .6 3
The e l a s t i c  con stan ts are in  u n its  o f  10^2 dynes/cm 2.
There i s  a fu rth er  r e s t r ic t io n  on th e accuracy o f  the fo rce  
model in v o lv in g  in te r a c t io n s  o f  both th ir d  and fourth  n ea rest  
neighbours. This r e s t r ic t io n  i s  g iven  by th e  fo llo w in g  eq u a tio n , 
which in v o lv e s  Huang's van ish in g  s t r e s s  c o n d itio n .
330)2 (T.A.)  = ( / 3 c  C ) + ^  mo)2 (q  = 0)
3 3 -3 44 y 1
( 4 .1 1 )
Ht -
For Magnesium th e  frequency o f  th e  tra n sv erse  a c o u stic  mode, 
on th e  zone boundary in  th e  [01Î 0] d ir e c t io n ,  can be c a lc u la te d  
u sin g  equation  ( H . l l )  and found to  be accurate w ith in  th e  
allow ed  experim ental e r r o r . However, when equation  ( H .l l )  i s  
a p p lied  to  B eryllium  and Zinc an in te r e s t in g  com plication  
a r i s e s .  The c a lc u la te d  v a lu es  o f  th e  acousT/^i i modes are 
w ith in  the experim ental errors allow ed  in  the determ ination  
o f  th e  va lu es o f  th e  corresponding o p t ic a l  modes. This would 
seem to  su g g est th a t th ere  i s  some m ixing o f  a c o u stic  and 
o p t ic a l  modes.
The c a lc u la t io n s  in v o lv in g  the fourth  n ea rest neighbours 
were ca rr ied  out in  order to  se e  whether th ere  was much o f  an 
improvement in  the d isp ers io n  curves due to  in c lu d in g  equations  
(H .9) and (H .IO ). I t  was n ecessary  to  s o lv e  e ig h t  l in e a r  sim ul­
taneous equations to  determ ine the fo rce  c o n sta n ts . S ix  o f  the  
equations were th ose  p r e v io u s ly  used in  th e  c a lc u la t io n s  fo r  
th ir d  neighbour in te r a c t io n s . The o th er two equations used w ith  
exp erim en ta lly  determ ined data were mm^  (q = q ^ ^ ) and mm^  (q  = q ^ ^ )  
(equations 3.H2 and 3«HS). The ch oice o f  equations used w ith  
th e ir  corresponding experim ental data was l im ite d  n ot on ly  by th e  
dependent r e la t io n sh ip s  a lready g iven  but by the la ck  o f  e x p e r i­
m ental data fo r  th e  tra n sv erse  modes p o la r iz e d  p a r a l le l  to  th e  
b a sa l p lane o f  B eryllium  and Zinc in  th e [ O l l o ]  d ir e c t io n .
The Phonon D isp ersio n  curves were a ls o  c a lc u la te d  fo r  
Magnesium u sin g  a te n so r  fo rce  model due to  Begbie and Bom  
This cou ld  improve the model as th e  on ly  assum ption made about 
the fo rce s  i s  th a t th ey  are an a rb ita ry  fu n ctio n  o f  th e  atom ic ■
p o s it io n s .  The ten so r  fo r c e s  have p rev io u s ly  been c a lc u la te d  
by P.K, Iyengar e t  a l  fo r  both th ree and four n ea rest
neighbours. The fou rth  neighbour ten so r  force  m odel, used in  
th e se  c a lc u la t io n s ,  req u ires iH atom ic force  c o n s ta n ts . Two 
o f  the fo rce  con stan ts used in  ev a lu a tin g  th e  e l a s t i c  con stan t  
are not used in  th e  ideterm ination o f  th e  phonon d isp ers io n  
curves in  the [OOOl] and [OllO] d ir e c t io n s .  So u sin g  th e  condi­
t io n  fo r  l a t t i c e  eq u ilib r iu m  on ly  e lev en  independent co n sta n ts  
are n ecessary  to  determ ine th e d isp ers io n  r e la t io n s .  As th ere  
are on ly  k  a v a ila b le  independent e l a s t i c  c o n sta n ts , phonon 
freq u en cies a t s e le c te d  p o in ts  in  th e B r illo u in  zone are used as 
a d d it io n a l data to  determ ine th e fo rce  c o n sta n ts .
The e lev en  equations used in  the c a lc u la t io n s  are given
below .
{ I  (v + Ç) + 2(|) } 
{ | -  (X + e) + 26  }
C
12
C = C2 ® 33 .  a
C
44
" 0 
. a
3y + V + Hç =
[OOOl] (q
[ 0001] (q
(H.12)
L.O. mm^
22
[01Ï 0] ~ Snax^ = 8 (X + a + 3 + y )
T.O. mo)^
33
[ 01Ï 0] = 9max) = 8 (v + y )
T.O. mw^
11
[01Ï 0]
" "  ^ ax^ = 8 (X + CL —3 —y )
L.A. mw^
22
[ 01Î 0] ~ ^ax^ = Hx + 8 (a + 3 -y )  + 12e
T.A.
33
[ 01Î 0] ~ Snax^ = HX + 8 (a -3  + y ) + 12e
■
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The value o f  th e force con stan ts and the e l a s t i c con stan ts
fo llo w
(j) = 0 .036 9 0 = 0 .017
V = 0 .708 Y = 0 ,052
Ç = -0 .0 1 2 3 3 = 0 .238
y = -0 ,0 6 6 9 X = 0 ,2 3 6
a = 0 ,539 9 e = - 0 ,054 9
n = - 0 .055 9
The fo rce  con stan ts are in  u n its  o f 10^ dynes/ cm.
c C C +C C C c /a
11 1 2 1 1  1 2 33 44
c a lc u la te d  va lu es 0 .577 0 .305 0 ,882 0 .6 5 4 0 .180  1 .6 3
exp . va lu es [19] 0 .628 0.259 0 .887 0.657 0 .1 8 1  1.63
The e l a s t i c  con stan ts are in  u n its  o f  10^^ dynes/cm^. In th e  
l im it  o f  an a x isym étrie force  law th e  te n so r  fo rce  con st f^^mts  ^
reduce to  5
01 = i  (4 ( 1 ) + b ( 0  ) ; 3 = ^  ( A ( l)  -  B ( l )  ) ;
Y = B( l )  ;
X = B(2) + E (2 )/6  
2
V = b (^) +
n = -  E(3) /3  
e = B (4) •
6 = 0 ;
y = -  E (2 ) /1 2  ;
E(2 ) A  ; Ç = 5(2) + 2/3 E(3) ;
2
E(3)/H 5Ç = B (3) + 
<f) = A (4 ) :
The Phonon D isp ersio n  curves fo r  Magnesium u s in g  th e  
ten so r  fo rce  model are in  good agreement w ith  experim ental 
data and are shown in  F igures 6 . I t  i s  not p o s s ib le  t o  carry  
out a d e ta ile d  exam ination fo r  B eryllium  and Zinc because th e
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experim ental va lu es fo r  th e tra n sv erse  modes in  the [OllO] 
d ir e c t io n ,  p o la r iz e d  p a r a l le l  to  th e b a sa l p la n e , are not 
a v a ila b le .
4 .3 .  C onclusion
The con clu sion  arr ived  a t  i s  th a t w h ils t  sim ple fo rce  
con stant models are u se fu l in  d isc u ss in g  th e  gen era l harmonic 
p r o p e r tie s  o f  l a t t i c e s ,  they  are n ot adequate fo r  c a lc u la t in g  
the d e ta ile d  phonon d isp ers io n  r e la t io n s  o f  m eta ls .
The most s a t is fa c to r y  approach to  the theory o f  the  
l a t t i c e  dynamics o f  m etals appears to  be th a t o f  Toya 
who used th e s o lu t io n  o f  th e electron-phonon  problem g iven  by 
Bardeen [2 8 ]  ^ Although T oya's model i s  more s u ita b le  fo r  the  
a lk a l i s  than fo r  p o ly v a le n t m etals ShamVs form ulation  o f
the problem u sin g  p seu d o -p o ten tia l methods o f f e r s  a r e a l i s t i c  
a lte r n a t iv e  to  the ra th er  a r t i f i c i a l  fo rce  constant methods.
For a more d e ta ile d  account o f  th e p se u d o -p o te n tia l  
method a p p lied  to  l a t t i c e  v ib r a tio n s  the reader i s  r e fe rred  
to  Chapter 7 o f  H arrison’s book [1^^.
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Appendix Dynamical Matrix Elements
A jj (q ;  1 ,1 )  = G + A  ^ + F -  A [2C^ + (C^ + Cj , ) / 2 — 3] .
^22 ^9' 1 ;2 )  = G + Aj^  + F - - | - A  (C^ + C^^g) " 2)
Aj3  (q; 1,2) = G + A^  + 2A^‘*'> (1 -  C^ ) .
^11 ^  (^2 * 2 + *^2,3 '*■ ^1 , 2 , 3 )
-  2 E (3 ) Cj (1  + Cg) -  b C2) (1  + Cj + + Cg
■'■ ^ 1 ,2 ,3  ■*■ ^1,2^ ■ ^^1,22 ‘^ 1 ,2 2 ,3
+ 2 Cj (1  + C3 ) + i  [b (2 )  ( S 3 + + S j^ 2 ,3
+ S i , 2 ) + B(3) (S i,2 Z  + S ; ,2 2 ,3  + 2 C. S ,)
+ E ( 2 ) /4  (S ;  + + 2E (3) S j
A22 ( 9 : 1 . 2 ) = - b ( 2 ) ( 1  + C, + + C, +
+ g) -  E(2)/12 (4(Cj + 1) +
■'■ '^ 1 ,2 ,3  ■*■ ^ 1 2^ ) ■ (C; 22  ■*■ B j^ 22 ,3
+ 2 C, (1  + C ,) )  -  4 E (3 ) /3  (C i^22 +
+ Cj/2 (1 + C3 )) + i[B(2)  (S 3  + 3  +
+ ® 1 ,2 ,3  ■*■ ®1,2^ ■*■ ^Bj ^22 + Bj ^22,3
+ 2 Cj S j )  + E (2 ) /1 2  (4  S j + S^ +
+ S i , 2 , 3 ) + ‘*S (B )/3  ( S i , 2 2  + S i , 2 2 , ,  + 2 Ci S,)] .
-  5 5" -
A (q; 1,2) = -  b(2) (C + 1 + C + C + C ) + C )
33 " 3 2 ,3  2 1 , 2 , 3  1)2
B(3) (Cl, 22 + Cl ,22,3 + 2C^  (1 + C ^ ) ) -
E( 2)
V a  ,
E(3)
¥
(Cl,22 + Ci,22,3 + 2 (1 + C^)) + i  [b(2 ) (S
+ S 2 , 3  + 8 ,  + 8 1 , 2 , 3  + 8 1 , 2 )  +  B (S )  ( 8 1 , , ,
+ ^2  + 8 1 , 2 , 2  + 8 1 , , )  + ( f _
(=3  * = 2 . 3
 ^ (s , _  + 81 , 2 2  1 , 2 2 , 3
+ 2 Cl, S3)] .
1^2 (S' I 'l)  = IT A (Cg - Cl,2 ) •
A (q; 1,1) = A (q; 1 , 1 ) = 0 
13 ~ 23 -
%2 (9; 1 . 2 ) = # E ( 2 )  (C2,3 + C; -  C l ,2,3 -  Cl , )
-  I /3  E(3) 8 S + i 8 (2 ) (8 + S i  .
•3 1 3  i g Z , j  , ‘
3 8 ) - I /3  E(3) 8 (1 + C )]
2*3 2  3 1 3
( -  C + C_ + C.A (q; 1 , 2 ) =
13
c  E( 2 )
a ¥  ' ”2 , 3  2  1 , 2 , 3
C l , 2 ) + I  B ( 3 )  +  i [  -  E ( 2 )  ( 8 2 , 3  -  8 ,
-  81,2,3 + 81,2) + ^  E(3 ) 8  ^ (1 _ C^)] .
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‘^3 1 ' : )  = Ô ï ï  ^ ( 2 ) (2  -  2  + C ,,3  -  + C l ,2 ,3
- S , 2 > - t ! ^ ( 3) (2 C l , 22,3  -  2 C l , , 2
+ 2  0^ (1  -  C^)) + i [  -  ^  I  E (2) (2
-  ® 2,3 + ^2  -  S i , 2 ,3  + S i , 2 ) -
(2 8 ; , 2 :  -  2 S i ,22,3 + 2 Cl .  83)] .
where b = ,  g  = 4 ( 2 B ( l )  + b (^ ) + 3 3 ( 2 ) ) ^
G = 2b (1 )  [3  -  ( c + c + C, , ) ]  ,
1 2 ^ 9^
F = 2B (4) ( 1  .. C ) ,
= 6B + E (2 ) + k  E (3) ,
A  ^ = 6B + I  [  1 ] (E (2 ) + E ( 3 ) )  .
C. = COS (J  + k)  where i f  j  = 1 ,2  than
J 9 ^
J = q .a  and i f  j  = 3 than  J = q c .
— J ~ 3
The f i r s t  o f  th e  two s u b s c r ip ts  fo llo w in g  a comma d en o tes  th e  
m u lt ip le  o f  th e  fo llo w in g  q v a lu e .
Thus C. , = cos ( q . a  + k q, a)J j-KK J K
S i s  u sed  s im i la r ly  as an a b r ie v ia t io n  f o r  s in ,
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Figure Captions
F ig . lA B eryllium : The phonon d isp ers io n  r e la t io n s  fo r
th e [OOOl] d ir e c t io n .  The c a lc u la te d  curves are
compared w ith  experim ental data from referen ce  
[21].
F ig . IB Magnesium: The phonon d isp ers io n  r e la t io n s  fo r
th e  [OOOl] d ir e c t io n . The c a lc u la te d  curves are
compared w ith  experim ental data from referen ce  
[1 3 ] .
F ig . 10 Z inc: The phonon d isp ers io n  r e la t io n s  fo r
th e  [OOOl] d ir e c t io n . The c a lc u la te d  curves are 
compared w ith  two s e t s  o f  experim ental d ata , the  
open c ir c le s  are taken from referen ce  [22] and 
th e  c lo se d  ones from re feren ce  [2 3 ] .
F ig , 2A B eryllium : The phonon d isp e r s io n  r e la t io n s  fo r
th e  [OIÏO] d ir e c t io n .  The c a lc u la te d  curves are 
compared w ith  experim ental data from referen ce
[2 l]  .
F ig . 2B Magnesium: The phonon d isp ers io n  r e la t io n s  fo r
th e  [O llo ] d ir e c t io n .  The c a lc u la te d  curves are 
compared w ith  experim ental data from referen ce
[1 3 ] .
F ig . 2C Zinc: The phonon d isp ers io n  r e la t io n s  fo r  th e
[OllO] d ir e c t io n . The c a lc u la te d  curves are
compared w ith  two s e t s  o f  experim ental d a ta , th e
open c ir c le s  are taken from referen ce  [22] and
th e  c lo se d  ones from referen ce  [2 3 ] .
F ig .  3A. The frequency spectrum  o f  B ery llium . The smooth
curve i s  taken from th e r e s u lt  o f  Young and Koppel 
[2%].
F ig . 3B The frequency spectrum o f  Magnesium. The smooth
curve i s  taken from th e  r e s u lt  o f  Young and Koppel
[2 4 ] .
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F ig .  3C The freq u en cy  spectrum  o f  Z in c . The smooth
curve i s  taken  from th e  r e s u l t  o f  Young and Koppel 
[ 2 k ]  ,
F ig .  % The S p e c i f i c  Heat a t  c o n sta n t volume fo r  Magnesium.
The c a lc u la t e d  curve i s  compared w ith  ex p er im en ta l  
d ata  from r e fe r e n c e  [ 2 5 ] .
F ig .  5A Magnesium: The phonon d is p e r s io n  r e la t io n s  fo r
th e  [OOOl] d ir e c t io n  in  th e  ex ten d ed  m odel. The 
c a lc u la t e d  cu rves are compared w ith  e x p e r im en ta l  
d ata  from r e fe r e n c e  [ 1 3 ] .
F ig .  5B Magnesium: The phonon d is p e r s io n  r e la t io n s  f o r
th e  [OIÎO] d ir e c t io n  in  th e  ex ten d ed  m odel. The 
c a lc u la t e d  cu rves are compared w ith  e x p er im en ta l  
data  from r e fe r e n c e  [ 1 3 ] .
F ig .  6A Magnesium: The phonon d is p e r s io n  r e la t io n s  f o r
th e  [OOOl] d ir e c t io n  in  th e  te n s o r  fo r c e  m odel.
The c a lc u la t e d  cu rves are compared w ith  e x p e r i ­
m en tal d ata  from r e fe r e n c e  [ 1 3 ] .
F ig .  6B Magnesium: The phonon d is p e r s io n  r e la t io n s  f o r
th e  [OlIO] d ir e c t io n  in  th e  t e n s o r  fo r c e  m odel.
The c a lc u la t e d  cu rves are compared w ith  e x p e r i­
m ental d a ta  from r e fe r e n c e  [ 1 3 ] .
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